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Liti nm ddu 

Theo tinh than doi mdi phUdng phap day va hoc 
hien nay, chung toi bien soan quyen sach nay theo cau 
true nhu sau: 

• Tom tdt li thuyet: Giup hoc sinh ndm vung va 
cung co kien thiic cd ban bai hoc. 

• H$ thong bai tap: Giup hoc sinh van dung va 
ren luyen kl nang tU duy toan hoc. 

• Dae biet co phan Bai t$p lam them giup hoc 
sinh lam quen vdi each van dung kien thde toan da hoc 
de giai quyet tot cac dang bai tip thudng gap trong cac 
ki kiSm tra, thi cu. 

Quy phu huynh co the tham khao quyen sach nay 
de giup dd, kiem tra viec on tap 6 nha cua con em 
minh. Quy thay co co the xem day nhu la tai lieu tham 
khio them. 

Chung toi mong don nhan y kien xay dung tU quy 
ddc gia. 


NHOM BIEN SOAN 




§ 1. Md DAU VE PHEP BIEN HiNH 
§2. PHEPTjNH TIEN VA PHEP DCll HINH 


A. t6m tAt giAo khoa 


1. Phep bien hinh : 

Mdt quy tic vdi mdi diim M trong mdt ph&ng xac dinh mot diim 
duy nhdt M' thuoc mdt ph&ng dy goi la mdt phep biin hinh. 

f: 

Af' la anil cua M qua phep bien hinh f. 

* 

2. Anh cua mpt hinh : 

Cho hinh va phep bien hinh f. 

= fO'/O = /Af'/Af' = f(M)l goi la anh cua hinh Mqua phep biin 
hinh f. 

3. Phep tinh tien : 

Cho vecto u, phep tinh tien theo vecto u, ki hieu la T lt la phep biin 
hinh bien diim M thanh M ' sao cho : MM' - u 

4. Tinh chAt ; 

a) T tl la phep tinh tiin theo vecto u 
T{ t (M) = Af', T lt (N) = N’ thi MW = MN. 

b) T u bien ba diim th&ng hang thanh ba diim thing hang va khdng 
lam thay doi thiL tu ba diem do. 

c) Phep tinh tien bien duong thing thanh duong thing , bien tia thanh 
tia, bien doan thing thanh doan thing bdng no, biin tam gidc 
thanh tam gidc bdng nd, bien duong trdn thanh duong trdn cd cung 
ban kinh, bien goc thanh goc bdng nd. 
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d) Biiu thtic toa dd cua phep tinh tii'n 
Trong mdt phdng toa do Oxy, cho phep 
tinh tien theo u- (a; b) 

Gia sd T u M(x; y) t-> M'(x’; y') 


Ta cd : 


x = x +- a 
y = y + b 


5. Phep ddi hinh : 

a) Dinh nghia 

Phep doi hinh la phep bien hinh khong lam tliay doi khoang each 
giUa hai diem bat ki. 

b) Dinh li 

Phep d&i hinh bien ba diem thdng hang thanh ba diem thdng hang 
va khong lam thay doi tint tit ba diem do, bien duang thdng thanih 
dxidng thdng , bien tia thanh tia, bien doan thdng thank doan thdng 
bdng no, bien tam giac thanh tarn giac bdng no, bien duang trbn 
thanh duang trdn cd cung ban kinh, bien goc thanh goc bdng no. 


B. PHLfdNG PHAP GIAI BAl TAP 

Qua phep tinh tien T theo vecta u * 0, duang thdng d biin thanh duang 
thdng d\ Trong triidng hap nao thi: d triingd' ? d song song d' ? d cdt d ? 


■ Ndu u Ik vecto chi phifdng cua d thi d trung vdi d'. 

■ Neu u khong la veto chi phufong cua d thi d // d*. 

■ d khong bao gid c&t d\ 

g. Cho hai duang thdng song song a ua a . Tim tdt cd nhdng phep tinh tien 
biin a thanh a'. 


Lay di4m A tren a thi vdi moi didm A' tren a’, ph£p A / _ 

tinh ti§n theo veetd AA' bien a th&nh a'. Do la tat / / 

ck nhufng phdp tinh tien din tim. a / a / 

3 . Cho phep tinh tien T„ theo vecta uva phep tinh tien T ( . theo vecta t». Vdi diem 
M bdt ki, bien M thanh M\ bien AT thanh diem M". Chiing to ring 
phep bien hinh biin M thanh M " la mot phep tinh tien. 
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• _ 

Ta c6 T u : M -> M' 

T v : M' ^ M” 

Suy ra : MM' = u, JOTs v. 

Do do : MM" = MM’ + M’ M" = u + v 

Vay ph6p bien hinh bien M th&nh M" la phep tinh tien theo vecta u + v. 
V. Clio dudng iron (O) va hai diem A, B. Mot diem M thay doi trin dudng tron 
(O). Tim qny tick diem M’ sao cho MM ' + MA = MB. 


_ : 

Ta co MM’ = MB- MA = AB nen phep tinh tien 
T theo vecta AB bien M thanh M‘. Neu goi O’ la 

anh cua O qua phep tinh tien T, tufc OO' = AB 
thi quy tlch M' la difemg tron tam O’ co ban kinh 
b&ng ban kinh dirdng tr6n (O). 
li. Trong mdt ph&ng toa do Oxy, vdi a, a, b la nhdng so cho trade, xet phep bi&'n 
hinh F bidn nidi diem Mix ; y) thanh M'(x ; y'), trong do : 

x' = xcosa - ysina + a 
y' = xsina + ycosa + b 


0’ M’ 



a) Cho hai diem M(x\\y\) f Nix 2 \y 2 ) va goi M', N ' Idn luqt la anh cua M, N 
qua phep F. Hay tim toa do cua M' va N'. 

b) Tinh khoang each d gitia M va N; khodng each d ' gida M' va AT. 

c) Phep F co phdi la phep ddi hinh khong ? 

d) Khi a = 0 , chitng to rdng F la phep tinh tidn. 


9 

a) M’ co toa do (x’i ;y \) vdri : 


[ x'i = Xjcosa -yjsina +• a 
I y'l = xisina + yicosa + b. 


N' c6 toa dp (x* 2 ; y* 2 ) v ^i : 


f x' 2 = x 2 cosa -y 2 sina + a 
\y 2 = x 2 sina + y 2 cosa + b. 


b) Ta co : d = MN = y[(x x - x 2 ) 2 + (y x -y 2 ) 2 , 

d' = M’N’ = V (x 'i -x '2 ) 2 + (y’i -y'2 ) 2 



-x 2 )cosa-(yi -y 2 )sinaj 2 + [(xi -x 2 )sina ^(v 1 -y 2 )cosa] 2 
- x 2 ) 2 cos 2 a + (yj - y 2 ) 2 sin 2 a + (x 1 - x 2 ) 2 sin 2 a + (y 1 -y 2 ) 2 cos 2 a 
-x 2 ) 2 + (y 1 -y 2 ) 2 . 


HINHHOC11NC-7 





c) Tif kit qud d can b) suy ra M’N’ = MN v& do d6 F \k phep ddi hinh. 

d) Khi a = 0, ta c6 j X X + f 

[y = y + b. 

V&y, F Ik ph£p tinh ti§n theo vectcf u(a ; b). 

O. Trong m$t phdng toa d6 Oxy, xet cac phep biin hinh sau ddy : 

- Phdp biin hinh Fj biin mdi diim M(x ; y) thanh diim M’(y ; -x). 

- Phep biin hinh F 2 biin mdi diem M(x ; y) thanh diim M’(2x ; y). 

Trong hai phep biin hinh trdn, phep nao la phep doi hinh? 

... 

■ Ltfy hai di£m bat ky M = (x t ; y : ) va N(x 2 ; y 2 ), khi do 

MN = V(xi -x 2 ) 2 + (yi -y 2 ) 2 - 

Anh cua M, N qua F x l&n lufgt la M’ = (y 2 ; -x x ) vh N' = (y 2 ; -x 2 ). 

Nhif v$y ta c6 : M'N’ = V^i ~Y 2 ^ 2 + (-*1 + x 2 ) 2 . 

Suy ra M'N' = MN, v&y F x Id phep ddi hinh. 

■ Anh cua M, N qua F 2 lAn lufcft \k M' = (2x x ; y x ) vk N’ = (2x 2 ; y 2 X 
Nhu v&y ta c6 : M'N' = ^4{x\-X2) 2 + (yi -y 2 ^ 

Tir do suy ra niu Xj * x 2 thi M'N' * MN, vay F 2 khong phai Ik phep dcfi hijnh. 


c.bAitAplAmth£m 

M6t hinh binh hanh ABCD co hai dinh A , B co dinh, con dlnh C thay cdoi 
trdn mot dxiang trdn (O). Tim quy tich dinh D. 

Hufdng d&n : ABCD \k hinh binh h&nh nen : 

CD = BA. Ph6p tinh ti£n T_ bifin C thay d6i tren 

BA 

dtfdng trdn (O) thi quy tich dinh D Ik dufdng tr6n 
(O') &nh cua dirtmg trdn (O) qua phep tinh tien T__ . 8 c 

Cho hai dit&ng trdn (O) va (O') va hai diim A, B &. Tim diim M trdn (O) va 
diim M ' trdn (O') sao cho MM' = AB. 

Htfdng dSn : M can tim \k giao diem (n§u c6) cua (O’) vdi difdng tron (Oj) 
&nh cua (O) qua phdp tinh tien AB. 

Cho duang trdn (O ; R) va mdt diim I c6 dinh. AB la duang kinh thay doi 
cua (O). Duong thing qua B va song song vdi 01 cdt dudng thing AI tcii D. 
Tim quy tich diim D. 

Htfdng dim : BD = 2 01 . 
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§3. PHEP DOI XLfNGTRyC 


A. TCM TAT GlAO KHOA 


1. Pinh nghia phep doi xu.ng true : 

Diem M' goi la doi xitng voi diem M qua diidng 
thdng a niu a la dilong trung trite cua doan thdng 
MAT. Neu M ndm tren a thi ta xem M ddi xdng voi 
chinh no qua a. 


a 


M 


M' 


Dinh nghia 1 

Phep doi xiCng qua diidng thing a, ki hieu la D a la phep biin hinh 
bien mdi diem M thank diim M' doi xilng voi M qua a. 


Duong thdng a goi la true cua phep ddi xrtng, hay don gian la true 
ddi xitng. 

2. Pinh II : 

Phep ddi xitng true la mdt phep ddi hinh. 

3. True ddi xtfng cua mqt hinh : 

Duong thdng d goi la true ddi xiing cua hinh -if neu phep ddi xitng 
true Dd biin Mthank chinh nd , tile la : D^OW) = 


B. PHl/ONG PHAP GlAl BAl TAP 

7. Qua ph£p ddi xitng true D a (a la true ddi xitng ), diCdng thdng d biin thanh 
dubng thdng d\ Hay tr& Idi ede cdu hdi sau : 

a) Khi nao thi d song song v&i d'? 

b) Khi nao thi d trung vdi d’? 

c) Khi nao thi d cdt dl Giao diim cua d va d' cd tinh chdt gi? 

d) Khi nao d vudng gdc v&i d'? 
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a) Khi d // a thi d // d'. 


b) Khi d vuong g6c vdi a hode d trung vdi a thi d trung vdi d\ 

c) Khi d cdt a nhimg khong vuong gdc vdi a. Khi do giao diem ciia d va d 

n&m tren a. 

d) Khi gdc gitfa d va a b&ng 45° thi d 1 d’. 

0 Trong met phdngtoa d6 Oxy, cho ede ditdng trdn Cf x ) va Cf 2 ) Idn luot (co 
phitang trinh : 

Cf x ) : x 2 + y 2 - 4x + 5y + 1 = 0; 

(f 2 ) : x 2 + y 2 + lOy -5 = 0. 

Viit phuong trinh dnh cua ede di/ong trdn tren qua phep doi xung cd true O)y. 


*- £*** _ 

w 5 37 

Ta cd x 2 + y 2 - 4x + 5y + 1 = 0 <=> (x - 2 ) 2 + (y + -) 2 = — 

2 4 

r fon 

( ( f x ) cd tam L(2 ; --) va ban kinh R, =- 

2 2 

5 

Goi I'j la anh cua I, qua phdp doi xufng co true Oy thi I' 1 (-2 ; 

2 

Vdy phuong trinh anh (V* j) cua ( ( f x ) qua phep doi xdng true Oy la : 

5 37 

(x + 2) 2 + (y + -) = — cx> x 2 + y 2 + 4x + 5y + 1 = 0 
2 4 

Ttrong tu (Y * 2 ) : x 2 + y 2 + lOy -5 = 0 chinh Id phuong trinh anh cua (Y 2 ,) 
Q. Cho gdc nhon xOy va mot diim A ndm trong goc do. Hay xac dinh diem B 
tr$n Ox va didm C tren Oy sao cho tam gidc ABC co chu vi nhd nhdt. 


_ 

Xdt tam gidc bdt ki ABC cd B va C ldn luot 
ndm tren hai tia Ox vd Oy. Goi A’ vd A" la 
ede di£m doi xufng vdi didm A ldn luot qua 
ede dudng thdng Ox va Oy. Ta cd AB = A B 
vd AC = A"C (do ede AABA' vd AACA ’ Id 
ede tam gidc can). Goi 2p Id chu vi cua tam 
gidc ABC thi : 


0 



2p = AB + BC + CA = A'B + BC + CA" > A’A" 


A" 


Ddu "=" xay ra khi bon didm A', B, C, A" thdng hdng. Suy ra de chu vi tam 
gidc ABC be nhdt thi phai lay B va C lan luot Id giao diem cua doan thdng 
A’A" vdi hai tia Ox va Oy (cac giao diem do ton tai vi gdc xOy nhon). 
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U9 Clio hai diem B, C co dink ndm tren diiong trdn (O ; R) va diem A thay doi 
tren dudng trdn do. Hay dung phep doi xitiig true de chi'Cng mink rdng true 
tarn H cua tarn gidc ABC ndm tren mot dudng trdn co dink. 

Htfdfng dan : Khi BC khong phai la dudng kinh, goi H la giao diem cua 
dudng thdng AH vdi dudng trdn (O ; R). Chufng minh rdng H doi xufng vdi H' 
qua dudng thdng BC. 

m GruU 

Trudng hop BC la dudng kinh thi H trung A, do do H ndm tren dudng trdn 
co dinh (0 ; R). 

Xet trudng hup BC khong la dudng 
kinh. Gia stir dudng thdng AH c^t dudng 
trdn (O ; R) tai H . Nhu vay vdi mdi diem 
A € (O ; R), khac vdi B va C thi ta xdc 
dinh diem H' e (O ; R). Goi AA Id dudng 
kinh cua dudng trdn (O ; R) thi A’B // CH 
(vi cung vuong goc vdi AB) va A C // BH 
(vi cung vuong goc AC) nen A'BHC id 
hinh binh hanh. Vay BC di qua trung 
diem cua HA. Mdt khde BC // A H' (vi 
cung vuong goc vdi AH) nen BC cung di qua trung diem cua HH', do do H va 
H' doi xufng vdi nhau qua BC. Neu goi D la doi xufng co true la dudng th^ng BC 
thi D bien H‘ thanh H. Nhung H ludn luon ndm tren (O ; R) nen H n&m tren 
dudng trdn co dinh la anh ciia dudng trdn (O ; R) qua phep doi xtfng true D. 

Cach kkdc : Goi H' Id didm doi xufng cua H qua BC. Chufng minh tuf giac 
ABH'C npi tiep, td do suy ra H' n&m tren (O ; R) 
fl. a) Chi ra true doi xting (n&u co) cua mdi hinh sau ddy (mdi hinh la mdt tit 
bao gdrn mdt so chil cai) : 

MAM, HOC, NHANH, HE, SHE, COACH, IS, IT, 
SOS, CHEO 

b) Chdng minh rdng do thi cua ham sd ch&n luon co true dd'i xiing . 

a) Cdc hinh cd true doi xdng Id nhufng tir sau day (ede t it con lai khong cd 
true doi xufng) : 

mAm hoc- HE- -GttEO 

I 

I 
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b) True Oy luon la true doi xtfng cua do thi ham s 6 chan y = fix). 

That vay, neu diem M(x ; y) thuqc do thi, tufc la y = fix) thi didm do'i xuftfog 
vdi M qua Oy la dilm M'(--x ; y) cung thuQc do thi vi : 

fl-x) = fix) = y. 

c. bAitAplAmth£m 

f. Trong m4t phdng toa dd Oxy, cho dudng trdn Cf) : (x - l) 2 + (y + l) 2 = 44 
Vi&t phtfemg trinh anh cua Cf) qua phep dd'i xitng co true Ox. 

Ddp s6 : (x - l) 2 + (y - l) 2 = 4 

Tam giac MND goi la ndi tii'p trong tam giac ABC ni'u ba dlnh cua MNVD 
nAm trin ba canh cua tam giac ABC. Hay tim tam giac ndi ti&p tam gidac 
ABC cho trude sao cho no co chu vi nho nhdt. 

Htfdng d&n ; D la chan dudng cao AABC; M, N Idn lucrt la giao diem cuua 
D x D 2 vdi AB va BC (vdi D lf D 2 la cac diem ddl xtfng cua D qua AB va BC). 

3. Cho tam giac ABC vdi true tdm H. 

a) ChUng minh rAng ede dudng trdn ngoai tiip ede tam giac HAB, HB(C f 
HCA c6 bdn kinh bAng nhau. 

b) Goi 0 lt 0 2 , 0 3 la tdm ede dudng trdn ndi trin. ChUng minh rAng dudng tredn 
di qua ba diim 0 lf O^ 0 3 bAng dudng trdn ngoai tii'p tam giac ABC . 

Hrfdng dfin : C£c dudng trdn ngoai tid'p AHAB, AHBC, AHCA c 6 ban kimh 
b&ng vdi dudng trdn ngoai tUSp (O) cua AABC do di£m ddl xtfng cua H qtua 
ede canh AABC nkm tr@n (O). 
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§4. PHEP QUAY VA PHEP DOIXL/NGTAM 

A. t6m tat giAo khoa 


1. Pinh nghia phep quay : 

Cho diem O co dinh vd goc litong giac <p khong ddi. Phep biin hinh 
Q : M h-» M' sao cho OM = OM' ; (OM ; OM) = tp ; Q(O) = O ditqc goi la 
phep quay tdm O goc quay q>, ki hi&u Q (0 . ^ 

2. Pinh li : 

Phep quay la mot phep doi hinh. 

3. Phep doi xufng tam : 

a) Phep ddi xitng qua diim O, ki hieu la D 0 la mot phep biin hinh biin 
nidi diim M thanh M’ dd'i xitng voi M qua 0 , cd nghia la : 

OM + OM = 0. 

Diim O goi la tdm cua phep ddi xitng , hay don gian la tdm ddi 
xitng. 

b) Biiu thitc toa dd 

Trong he toa do Oxy cho diem I(a ; b). Niu phep doi xitng tdm Dj 
biin diim M(x ; y) thanh diim M’(x'; y') thi : 

IV= 2a x 
\y =2b~y 

Diim O goi la tdm ddi xitng cua mdt hinh Mniu phep ddi xitng tdm 
D 0 biin hinh W thanh chinh nd, titc Dq(J0 = M 
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B. PHUCING PHAP GIAI BAl TAP 


9 &. Cho phep quay Q tarn O vai goc quay <p va cho duang thing d. Hay ncu catch 
dung anh d ' cua d qua phep quay Q. 

J* 0 9 • 


Anh d' cua dudng thing d qua phep quay Q (0 (p) 
c6 the dung nhu sau : 

Lay hai diim A, B phan bi£t tren d, roi dung 
anh A', B’ cua chung. Budng thing d' la dudng 
thing di qua A’ vh B'. 



93 . Cho hai tarn giac vuong can OAB va OA 'B' co 
chung dtnh O sao cho O ndm tren doan thing 
AB r va ndm ngoai doqn thing A'B. Goi G va 
G ' Idn luat la trong tdm ciia tam giac OAA' 
va OBB\ Chiing minh GOG' la tam giac 
vuong can. 


B 





Goi Q la phdp quay tam goc quay - (bang 

2 

g6c lUtfng giac (OA, OB)). Khi do Q bien A 
thanh B va bien A’ thanh B', ttfc la bien tam 
giac OAA' thanh tam giac OBB'. 

Bdi vay Q bien G (trong tam tam giac OAA ) 
thanh G (trong tam tam giac OBB). Suy ra 

OG = OG' va GOG' = —. Vay GOG’ la tam giac vuong can tai dinh O 

2 



Chu y : Ph4p quay Q bien trong tam G tam giac ABC thanh trong tam G' 
cua tam gidc A B C’ anh cua AABC qua Q duqc suy ra tir phdp quay Q bien 
trung diim I cua doan thing AB thanh trung diim I' ciia doan thing AB 
Anh cua AB qua Q. 

9 * 9 . Gia sd phep doi xiing tdm D 0 bidn dadng thing d thanh duang thing d'. 
Cluing minh : 

a) Neu d khong di qua tdm doi xiing O thi d ' song song vdi d, O each d&u d 

va d 

b) Hai duang d va d' trung nliau khi va chi khi d di qua O. 
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a) Ke OH 1 d (H e d) thi vi d khong di qua O nen H 
khong trung vdi O. Phep doi xufng tam D 0 bien H 
thanh H' thi O la trung diem ciia HH\ va bien dudng 
thdng d thdnh dudng thdng d' vuong goc vdi OH’ tai 
H'. Suy ra d va d‘ song song, each deu diem O. 



b) Neu d khong di qua diem O thi theo cau a), d' // d nen d' khong trung vdi d. 
Neii d di qua O thi moi diem Med bien thanh diem Med. Vay d’ trung 
vdi d. 


f& 


m 


Clio phep doi xUng tam D 0 va dicdng thdng d khong di qua O. Hay neu each 
dung dnh d' ciia dudng thdng d qua D 0 . Tim each dung d' ma chi sit dung 
c ompa mot Ian va thude thdng ha Ian. 


Gruti 

Cach dung anh d' ciia d nhu sau : Lay hai diem A, B 
phan biet tren d roi dung anh A’, B ciia chung. Dudng 
th&ng d’ la dudng thang di qua A' va B'. 

Ta c 6 th4 dung cu the nhu sau : Dung dudng tron (O ; R) 
sao cho 116 c4t d tai hai diem phan biet A, B. Dung cac 
dudng thdng AO va BO, chung edt dudng tron do lan 
luut tai A 1 va B’. DUng dudng thdng d' di qua A' va B'. 
Phep dung tren day sOr dung compa mpt lan va thude 
thdng ba lan. 

Chi ra cac tam doi xvtng ciia cac hinh sau day : 

a) Hinh gSm hai dudng thdng cdt nhau; 

b) Hinh gorn hai dudng thdng song song; 

c) Hinh gorn hai dudng tron hdng nhau; 

d) Dudng dip; 

c) Dudng hypebol. 



0 

a) Tam doi xtfng Id giao diem ciia hai dudng thdng. 

b) Tam doi xufng Id nhUng diem each deu hai dudng thdng. 

c) Tam doi xtifng Id trung didm cua doan thdng noi hai tam dudng tron. 

d) Trung didm cua doan thdng noi hai tieu diem ciia elip. 

e) Trung diem ciia doan thdng noi hai tieu diem cua hypebol. 


n Cho hai diem B, C co dinh tren dudng trdn (O ; R) va mot diem A thay doi 
tren dudng tron do. Hay dung phep doi xitng tam de chi'tng rninh ring true 
tam H cua tam giac ABC nim tren mot dudng iron co dinh. 
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Hufofng din : Goi 1la trung diem cua BC. Hay ve dudng kinh AM cua dUtfdng 
trdn r6i chufng minh ring I la trung diem cua doan thing HM. 

« G™ _ 

Ta v§ dudng kinh AM cua dudng trdn. 

Khi d6 BH // MC (vi cimg vuong gde vdi 
AB) hay BHCM Ik hinh binh hdnh. Neu 
goi 1la trung dilm cua BC thi I co dinh 
vd cung Id trung diem cua MH. 

Vdy phdp doi xufng qua dilm I bien M 
thdnh H. 

Khi A chay tren dudng tr6n (O ; R) thi M 
chay tren dudng tr6n (O ; R). Do d6, H 
n&m trdn dudng tr6n 1 d dnh cua dudng 
trdn (O ; R) qua phdp doi xufng tarn vdi 
t£m I. 

90 . Cho dudng trdn (O ; R), dieting thing A vd diim I. Tim diim A trdn (O R) 
vd diim B trdn A sao cho I la trung diem cua doan thing AB. 

9 && _ 

Gid suf ta da cd dic?m A trdn dudng tr6n (O ; R) va di^m B tren A sao cho 3 la 
trung diim cua doan thing AB. Phdp doi xufng t&m B l bien diim B th&nh 
diim A nen biin dudng thing A thdnh dudng thing A' di qua A. Mat khdc A 
lai nkm trdn (O ; R) n£n A phai la giao diim cua A’ vd (O ; R). 

Suy ra cdch dung : . 

Dung dudng thing A' la inh cua A 
qua ph6p doi xufng tam B\. Lay A 
Id giao diim (nlu c6) cua A' va (O ; R), 
cdn B la giao diim cua dudng 
thing AI vd dudng thing A. 

S 6 nghilm hinh la si giao diim 
cua A' vd (O ; R). 

90 . Trong mdt phing toa d6 Oxy, cho dieting thing A : ax + by + c = 0 va diim 
Kxo ; yo)- Phep ddi xiltng tdm Dj biin dieting thing A thdnh dieting thing A'. 
Viit phuang trinh cua A\ 

Gid suf M(x , y) e A \k M'(x' , y ) e A' v& I 1& trung di£m cua MM' n£n . 

x + x' = 2x 0 , y + y' = 2y 0 
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x = 2 xq - x' 

y = 2y 0 -y 


M(x , y) e A nen a(2x 0 - x’) + b(2y 0 - y') + c = 0 
o 2ax 0 + 2by 0 - ax' - by' + c = 0 
o ax' + by' + c - 2(ax 0 +by 0 + c) = 0 
Vay M' n&m tren dircmg th&ng anh A’ c6 phirong trinh : 

ax + by + c - 2(ax 0 + by 0 + c) = 0. 


c. baitAp lam th£m 


f. 


Clio doan thdng AC va B tren doan AC (B khdc A va C). Ve cung mdt phia 
d6i v&i dubng thdng AC dung hai tarn giac d&u ABE va BCF. Goi M va N 
Ian luqt la trung di$m cua AF va CE. ChiXng mink ring tarn giac BMN la 
tam giac d&u. 


Hufdng dan : Suf dung ph6p quay Q(B, 



B 


Cho AABC. Dung cac hinh vuong ABDE va ACFG sao cho D, C thudc mdt 
phang ddi nhau bo AB , B va F thudc hai mat phdng dd'i nhau bo AC. Goi 
M y N Idn luqt la trung diem CE va BG. Chilng minh AMN la tam giac 
vudng cdn. 


71 , 


Hufdfng d&n : Suf dung ph6p quay Q(A , —) 

2 


Sf. Clio goc xAy va O la mdt diim trong goc do. Hay dung qua O dubng thing 
cdt hai canh Ax, Ay theo thil tU tqi M, N sao cho 0 la trung didm cua MN. 


Hufdng dSn : Difng di£m A’ doi xtfng vdi A qua O. Khi d6 tuf gi£c AMA’N la 
hinh binh hhnh. 

*i. Dung hinh binh hanh bidt trung diim ba canh cua no. 


Htfdng dan : Dtfng N' Ik di§m doi xtfng cua N qua trung diem cua MP. 


| DA! HOC QUOC Gi*. HA NQi 
! T RUNG FAM THONG TIN THU VIEN 

LcV joo± 
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§5. HAI HiNH BANG NHAU 

A. t6m tAt giAo khoa 


1. Dinh H : 

Neu ABC va A B C' la hai tarn giac bdng nhau till co phcp dai himhi 
bien tam giac ABC thanh tam giac ABC'. 

2. Hai hinh bang nhau : 

Hai hinh goi la bdng nhau neu co phcp dai hinh bien hinh may 
thanh hinh kia. 

Tit dinh nghia tren ta suy ra : 

Neu hinh >'M\ bdng hinh va hinh d( 2 bdng hinh thi hhnh 
'Mj bdng hinh df 3 

B. PHLfONG PHAP GIAI BAl TAP 

BO. Chrfng to hai hinh chd nhdt ciing kick tliitdc (ciing chieu dai va chieu r’dng) 
thi bdng nhau. 

m _ 

Gia stf hai hinh chtf nhait ABCD va A BCD' co AB = CD = A'B = CD', AD = 
BC = A D’ = BC’. Khi d6 ABC va A B C’ la hai tam giac vuong bang nhaiu, do 
d6 co phep dcfi hinh F bien tam giac ABC thanh tam giac A B C’. Khii do 
phep ddi hinh F bien trung diem O ciia AC thanh trung di&ni O’ cua .A C’. 
Nhimg vi O vh O’ l4n lnot cung la trung di&m cua BD va BD’ nen F tcung 
bien D thanh D\ Vay F bien ABCD thanh A B C D’, nen theo dinh ng?hia, 
hai hinh chuf nh£t do bang nhau. 

Bl. a) Cluing to rdng hai tit giac co cdc cap canh ti/ong itng bdng nhau va mdt 
cdp dildng cheo titong itng bdng nhau thi bdng nhau. 

b) Chdng minh rdng hai tit giac co cdc cdp canh titong itng bdng nhaiu va 
mdt cdp goc titong itng bdng nhau thi bdng nhau. 

c) Hai tit giac c6 cdc cdp canh titong itng bdng nhau thi co bdng nhau hay kludng? 

_ 

a) Gi£ suf hai tuf giac 16i ABCD va A B C D’ co AB = A’B’, BC = B’C’, CD = (CD’, 
DA = D A' va AC = A C'. Khi do hai tam giac ABC v& A B C' bang nhau mn 
c6 phep ddi hinh F bien ba diem A, B, C lan lugt thanh ba diem A’, B”, C\ 
Goi D" la diem doi xdng vdi diem D' qua ducmg thang A C thi hai tam giic 


18-HINHHOC11NC 





A'C'D’ va A'C'D'' bang nhau va theo gia thiet, cung b&ng tam giac ACD. Bcfi 
vay phep F chi co the bien diem D thanh diem D hoac D" (do phep ddi hinh 
bao toan do dai doan th&ng). 



Vi ABCD la tuf giac loi nen hai doan th&ng AC va BD cat nhau, A'B'C'D' 
cung la td giac loi nen hai doan thang A C' va B’D' cat nhau, va do do hai 
doan thang A C' va B'D" khong cat nhau. Tddo ta suy ra F bien D thanh D'. 
Vay F bien tuf giac ABCD thanh tuf giac A'B’C'D va do do hai tuf giac do 
bang nhau. 

b) Gia suf hai tuf gidc loi ABCD va A'B'C'D' co AB = A’B’, BC = B C\ CD = CD*, 
DA = D A’ va goc ABC bang goc A B C’. Klii do AC = A’C’ va ta dita ve trudng 
hap a cau a). 

c) Co the khong bang nhau. Hai hinh thoi co canh bang nhau nhifng co the 
la hai hinh khong bang nhau (vi phep ddi hinh bien goc thanh goc bang no). 

B&- Da giac I6i n canh goi la n-giac deu neu tat cd cac canh cua no bdng nhau 
va tat cd cdc goc cua no bdng nhau. Cluing to ring hai n-giac dhu bdng 
nhau khi va chi khi chung cd canh bdng nhau. 

Theo dinh nghla, hai n-giac deu bang nhau thi canh bang nhau. Ngtfcfc lai, 
gia six hai n-giac deu A 1 A 2 ...A n va A' 1 A' 2 ...A , n co canh b&ng nhau. Khi d6 
neu goi O va O' lan lirat. la tam cac dtfdng tron ngoai tiep hai da giac do thi 
hai tam giac OAjA 2 va O'A'jA^ bang nhau. 

Vay co phep ddi hinh F bien tam gidc OA]A 2 thanh tam giac O'A'jAV Vi hai 
tam gidc OA 2 A 3 va O’A^A'g cung b&ng nhau nen F bien diem A 3 thanh diem 
A' 3 (vi A 3 khong the bien thanh A\). Lap luan ttftfng tif ta cung co F bien cac 
di§m A 4 , ..., A n lan luat thanh cdc didm A 4 , A n . Nhif vay hai da giac deu 
da cho bang nhau. 

BU- Hinh '‘H\ gdm ba duang tron (0 1 ; /y, (0 2 ; r 2 ) va (0 3 ; r 3 ) ddi mot tiep xiic 
ngoai vai nhau. Hinh 2 gom ba duang tron (I { ; r } ), (I 2 ; r 2 ), (I 3 ; r 3 ) ddi mot 
tiep xiic ngoai vai nhau. Cluing to rdng hai hinh -‘H\ va bdng nhau. 
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» & 4i . 

Ta c 6 O x 0 2 = r x + r 2 = Iil 2 
0 2 0 3 — 1*2 + Tg = I 2 I 3 
O 3 O 1 = r 3 4 - Tj = I 3 I i 
Suy ra A0 1 0 2 0 3 = Alj^Ig 
nen c 6 phep ddi hinh F bien ba didm 0 lt 0 2 , 0 3 lan li/oft thinh ba di^rm I 2 , 
I 2 , I 3 . Hien nhien khi do F bien ba dudng tron (Oj, r t ), (0 2 , r 2 ), (0 S , r 3 ) lan 
luut thinh ba dudng tron (I } , rj), (I 2 , r 2 ), (I 3 , r 3 ), tufc la bien hinh '#[ tthiinh 
hinh '# 2 - Vay hai hinh vi bing nhau. 

i*U. Cho hai hinh binh hanh. Hay ve mot dudng thdng cilia mdi hinh binh hianh 
do thanh hai hinh bdng nhau. 

Mpt dudng thing di qua tam O cua hinh binh hanh thi chia hinh binh h*inh 
d 6 thinh hai phan bing nhau, vi phep ddi xtfng qua tam O se bien ph&n nay 
thinh ph&n kia. Bdi viy, ndu cho hai hinh binh hinh, ta chi din ve durdng 
thing di qua tim cua chung thi dudng thing d 6 s§ chia mdi hinh binh h.inh 
thinh hai phan bing nhau. 

Ndu tam hai hinh binh hanh trung nhau thi moi dudng thing di qua t£m do 
d4u chia moi hinh binh hanh thinh hai phin bing nhau. 

c. bAitApi_Amth£m 

Cho hai hinh thoi ABCD va A'B'C'D' co AC = A'C ', BD = B D\ doing minh 
r&ng hai hinh thoi do bdng nhau. 

Hufdng dSn : Goi O va O' lin 1 not Id tam cua hai hinh thoi ABCD vi 
A B C D’. Ro ring hai tam giic OAB vi O'A’B' bing nhau nen c 6 ph£p ddi 
hinh F bidn O, A, B lin luut thinh O', A', B'. Vi F bio t 6 n khoangc&ch vi 
thuf tU cua cic didm n§n F bidn C thinh C\ D thinh D\ Viy F bidn ABCD 
thinh A'B'C'D', nghia li hai hinh thoi d 6 bing nhau. 
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§6. PHEPV| Tl/ 

A. t6m tat giAo khoa 

1. Dinh nghia : 

Cho mdt diem O cd dinh va mot so k khong doi, k * 0. Phep bien 

link bidn mdi diem M thank M ' sao cho OM' = kOM dtioc goi la phep 
)i tu tam O tl so k; Ki hieu la V,q. 

2. Cac tinh chat cua phep vi t \i : 

■ Dinh li 1 

Neu phep vi til tl so k bidn hai diem M va N Ian hiat thank hai diem 
W iid AT thi : A ~Fn' = kMN va MW = I k\ MN. 

■ Dinh li 2 

Phep vi tu bien ba diem thing hang thank ba diem thing hang va 
thong lam thay d6i thti tu cua ba diem thing hang do. 

■ iff qua 

Phep vi tu tl so k biin dudng thing thanh dubng thing song song 
ho#c triing) v&i dudng thing do, bidn tia thanh tia t bien doan thing 
:hanh doan thing ma do dai duac nhdn l£n vdi I k \, biin tam giac 
:hanh tam giac dong dang vdi ti so ddng dang la \k\, bien gdc thanh 
$oc bing no. 

3. Agfa cua difcfng iron qua phep vi t \f : 

■ Dinh li 3 

Phdp vi tu tl s6k bi&n dudng trdn co ban kinh R thanh dudng tron cd 
?an kinh I k I R. 

b. phugng phAp giai bAi tap 

2!B. Cac phdp sau ddy cd phai la phdp vi tU khdng : phdp d6i xdng tdm, phep dSi 

xtfrg true , phep ddng nhdt , phep tinh tii'n theo vecta khac 6 ? 

Phtp dtfi xumg qua t&m O la ph 6 p vi tif tdm O ti sd' -1. 

Phtp dd'i xufng true khong ph&i Id phdp vi ti X vi ede di/dng thing ndl cap 

diln ttftfng ufng khong ddng quy. 


HINHHOC1 INC-21 



Phep dong nhat la phep vi tu vdi tarn \k diem bat ki va ti so k = 1 . 

Phep tinh tien theo vectd khac Okhdng phai la phep vi ti i vi khong co ddiem 
nao bien thanh chinh no. 

BO. Cac khang dinh sau day co dung khong ? 

a) Phep vi til luon co diem bat dong (ti'lc la diem bien thanh chink non). 

b) Phep vi til khong the co qua mot diem bdt dong. 

c) Neu phep vi til co hai diem bdt ddng plidn bietthi moi diem d6u bdt ddong. 

# Quu 

a) Dung. Tam vi tif Ih diem bat dong. 

b) Sai. Phdp vi tii ti so k = 1 c 6 moi diem deu la diem bat ddng. 

c) Dung. Phep vi tu tarn O luon co diem bat dpng O, neu no con diem i bat 

dOng nufa la M (tufc Ik anh M' cua M trimg vdi M) thi vi OM = OM' = k t OM 
nen k = 1 . Vay phep vi ttf do la phdp ddng nhat nen moi diem (deu 
bat dong. 

BI. Xac dinh tarn vi til trong va tarn vi til ngoai cua hai dildng tron trong • cac 
trildng hap sau : 

a) Hai dildng tron tiep xuc ngoai. vdi nhau. 

b) Hai dildng tron tiep xuc trong vdi nhau. 

c) Mot dildng tron chila dildng tron kia. 

Goi I la tam vi tu ngoai, I' lh tam vi tutrong cua hai duferng tron fO) vh (0'»'>. 





a) Neu (O) vh (O') tiep xuc ngoai thi tiep diem I' la tain vi tir trong, gtiao 
dit?m cua OO 1 vdi tiep tuyen chung ngohi cua (O) vh (O') (neu co) la thmn vi 
tit ngohi (h.a)) 

b) Neu (O) vh (O') tiep xuc trong thi tiep dihm I la tam vi tu ngoai, tam vii tu 
trong I' xhc dinh nhu hinh ve b). 

c) Nhu (O) chUa (O') thi xhc dinh I vh I’ nhu hinh ve c) (dhc bi?t, khi 0 truing 

O' thi I vh I’ trimg O). 
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9 Cho hoi duang trdn (O) va (O') cdt nhau tai A va B. Hay dung qua A mot 
dudng thdng d cdt (O) a M va cdt (O') d N sao cho M la trung diem cua AN. 

# GruU 

Gia suf da dung dupe dudng thdng d theo 
yeu cau cua bai toan. Vi M la trung diem 

AN nen AN = 2 AM. Nhu vay, goi V la 
phep vi tu tam A ti so 2 thi V bien M 
thanh N. Neu V bien (O) thanh (O") thi 
(O ’) phai di qua N. Vay N la giao diem 
cua hai dudng tron (O') va (O"). Ti/do suy 
ra each dung. 

- Dung O" = V((o) 

- Goi N = (O') n (O"), M = ANn (O). 

Clio diiang trdn (O ; R) va diem I co dinh khac O. Mot diem M thay doi 
tren diiang trdn. Tia phan giac cua goc MOl cdt 1M tqi N. Tim quy tich 
diem A. 

Dat 10 = d (d * 0). Theo tinh chat dudng 
phan gide cua tam giac MOI, ta co : 

IN 10 d 
NM ‘ OM ' R 

0 IN d IN d 

buy ra-=-<=> — =-. 

IN + NM d + R IM d + R 

Vi hai vectu IN vd IM cung hudng nen ddng thufc tren co nghia Id : 

IN s —-— IM. Neu goi V la phdp vi tu tam I ti so k = —-— thi V bien 
c + R * d + R 

di4m M thdnh didm N. Khi M d vi tri M 0 tren dudng tron (O ; R) sao cho 
EOM 0 = 0° thi tia phan giac cua goc IOM 0 khong cdt IM. Diem N khong ton 
tai. Vay khi M chay tren (O ; R) (M khac M 0 ) thi quy tich diem N Id anh cua 
(O ; R)qua phdp vi tu V bo di anh cua diem M 0 . 

30 . Cho hai duang trdn (O) va (O') co ban kinh khac nhau, tiep xiic ngoai vai 
nhau tci A. Mdt duang trdn (O") thay doi, luon luon tidp xuc ngoai vai (O) 
va (O')ldn luqt tqi B va C. Chilng minh rdng dudng thdng BC luon di qua 
mot ditm c6 dinh. 

Kdo ddi BC cdt (O') tai B\ Vi C la tdm vi tu trong cua (O') va (O") nen 
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hai veetcf O' B' v& O" B ngirgc htfdng. Vi B 
\k tarn vi US trong cua (O) vh (0 M ) nen hai 

vectxj O 'B v& OB ngitoc htfdng. Vay hai 

vectcf OB v& O' B' ciing htfdng. Tif do suy ra 
dtfdng thing BB', cung chlnh Ik dtfdng 
thing BC, lu6n luon di qua di4m co dinh \k 
t&m vi ttf ngoki I cua (O) vk (O'). 

c. bAi tAp lAm th£m 

Cho hai dudng trdn (O) va (O') cd ban kinh khac nhau tiip xuc ngoai v&i 
nhau va mdt diim M tren (O). Dung mdt dudng trdn di qua M va tiip xuc 
v&i hai dudng trdn (O) va (O’). 

R' 

Htfdng din : X4t phdp vi ttf V t&m I ti so — bien (O) thanh (O') (I la ggiao 
diim MN vdi 00’). 



§7. PHEP DONG dang 

a. t6m tAt giAo khoa 


1. Dinh nghia phep dong dang : 

Phep biin hinh F goi la phep ddng dang vdi tl s6 k (k > 0) niu hai 
diim bdt ki M, N va dnh M\ AT cua chiing, ta c6 M'N # = kMN. 

2. Dinh li : 

Moi phep ddng dang F tl s6 k diu hap thanh cua mdt phep vi tuV ti 
s6 k va mdt phep ddi hinh D. 

■ H$ qua (tinh chtit cua ph&p dong dqng) 

Phdp ddng dang biin ba diim thing hanh thanh ba diim thing hang 
(va khdng lam thay ddi thU tu ba diim dd), biin dudng thing thanh 
d\Cdng thing , biin tia thanh tia, biin doqn thing thanh doqn thing rna 
dd dai dicqc nhdn Idn v&i k (k la tl so cua phdp ddng dang), biin tarn 
gidc thanh tarn gidc ddng dang v&i tl si k , biin du&ng trdn cd bdn kinh 
R thanh dU&ng trdn cd bdn kinh kR, biin gdc thanh gdc bdng nd. 

3. Hai hinh dong dang : 

■ Dinh nghia 

Hai hinh goi la ddng dang v&i nhau niu cd phep ddng dang biin 
hinh nay thanh hinh kia. 
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B. phl/Ong phAp giai bAi tAp 

31 Cluing to rdng neu phep ddng dang F bien tam giac ABC thank tam gidc 
A B C ' thi trong tdm y true tam, tdm dudng tron ngoai tiep tam gidc ABC Idn 
lupt thdnh trong tdm, trile tdm, tdm dudng tron ngoai tiep tam gidc A B C' 

9 

Goi D Id trung diem cua doan th&ng BC thi phep dong dang F bien diem D 
thanh trung diSrn D’ cua doan th&ng B’C’, vd vi the trung tuyen AD cua 
tam gidc ABC bien thdnh trung tuyen A D* cua tam gidc A B C’. Doi vdi hai 
trung tuyen con lai cung vay. Vi trong tam tam gidc la giao didm cua cac 
dudng trung tuyen nen trong tam tam gidc ABC bien thanh trong tam 
tam gidc A B C’. 

Goi AH Id dudng cao cua tam giac ABC (H e BC ). Khi do phep dong dang F 
bien dudng th&ng AH thanh dudng thing AH'. Vi AH 1 BC nen A H' 1 B C', 
n6i each khac A'H' Id dudng cao cua tam gidc A B C'. Doi vdi ede dudng cao 
khac cung the. Vi true tam tam gidc la giao diem cua cac dudng cao nen true 
tam tam gidc ABC bien thdnh true tdm tam gidc A B C'. 

Goi O Id tam dudng trdn ngoai tiep tam gidc ABC thi OA = OB = OC nen 
neu diem O bien thdnh diem O' thi O'A' = OB = O'C' = kOA = kOB = kOC, 
do do O' la tam dudng tron ngoai tiep tam gidc A B C'. 

3B. Cluing to rdng cac da gidc d&u c6 cung so canh thi ddng dang vdi nhau. 

Gia sir cho hai n-giac deu A 1 A 2 ...A n vd B 1 B 1 ...B n co tam lan lugt Id O va O'. 

Bdt k = ^ - 2 - = 1 . Goi V Id phep vi tutam O, ti so'k vd CjCg.-.Cn Id anh 

A i A 2 O A i 

cua da gidc A 1 A 2 ...A n qua phdp vi tu V. Hien nhien C 1 C 2 ...C n cung Id da gidc 

deu v& vi 1 = k nen CjC 2 = BjB^ Vay, hai n-gidc deu C 1 C 2 ...C n va 

Ai A2 

B 1 B 1 ...B n c6 canh b&ng nhau, tdc la c6 phep ddi hinh D bien CjC 2 . Cn th&nh 
BjBj-.Bn (xem BT22, churong I, SGK). Neu goi F 1& phep hop th&nh cua V 
vh D thi F 1& ph6p dong dang bien A^-.-A,, thanh BjBj.-.B,,. Vay hai da 
gidc deu d6 d6ng dang vdi nhau. 

33 . Dung tam gidc ABC ne'u biet hai goc B = p, C= y va mdt trong cac yeu tosau : 

a) Dudng cao AH = h; 

b) Dudng trung tuyen AM = m; 

c) Ban kinh R cua dudng trdn ngoai tiep. 
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m GruU 

Ta chu y rang c6 the’ dimg rat nhieu tam giac ABC vcri hai goc B vaC Ib&ng 
hai gc3e P va y da cho, nhi/ng cdc tam giac do deu dong dang vdi nhau. Vay ta 
chi can chon trong cac tam giac do mpt tam gidc thoa man dieu kien vei yeu 
to thtf ba da cho. Ta suy ra cdch dung : 

a) Dimg tam giac AB C' c6 hai gdc B' va C' \&n luot bang 3 va y. Cu th§ nhir 
sau : Dimg doan thang B'C tuy y. Tren mot niifa mat phang c6 M B’C 

dimg tia B'x va C'y sao cho xB' C' = P va yC B’ = y. Hai tia do cat nham tai 
A va ta co tam giac AB C’. 

Dimg difdng cao AH' cua tam giac AB C. Neu AH' = h thi AB C' Ba tam 
giac c£n dimg. 

Neu AH' * h thi tren tia AH', ta lay difim H sao cho AH = h roii dirng 
dirdng thang a vuong g6e vdi AH tai H, cat AB' tai B va cat AC' tai C. 
Tam giac din dung la ABC. 

b) Tifcfng tu nhir cau a). 

c) Dimg tam gidc AB'C' nhir cau a) roi dirng tam O' cua diTdng tron ngoai tiep 

tam giac AB C’. Tren tia AO' lay diem O sao cho AO = R roi dimg dirdng 
tron (O) di qua A (tufc la co ban kinh bang R). Hai tia AB' va AC' Ian luut 
cdt (O) tai cdc diem B va C (khac A). ABC la tam giac din dung. 
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ON TAP CHl/GNG I 

I. Clio hai dieting trim (O ; R), (O'; R ) va mot dating thdng d. 

a) Tim hai diem M, N Idn laot ntim tren hai dating trtin do sao cho d la 
trung trifc cua doan thdng MN. 

b) Xac dinh diem I tren d sao cho tiep tuyen IT cua (O ; R) va tiep tuyen IT' 
ciia (O' ; R) hap thanh cac goc ma d la mot trong cac dating phan giac 
cua cac goc do. 

a) Goi (Oj ; R) la anh ciia dating tron (O ; R) 
qua phep doi xthig true D d . Giao diem 
(neu co) cua hai diftog tron (O! ; R) va 
(O'; R ) chinh la diem N can tim, diem M 
la di4m doi xufng vdri N qua d. 

b) Vln goi (0 1 ; R) nhur tren va I la diem can 
tim thi IT' la tiep tuyen chung cua hai 
dtfcmg tron (Oj ; R) va (O' ; R ). Suy ra 
each dung : Ve tiep tuyen chung t (neu co) 
cua hai dudng tron {O l ; R) va (O' ; R ). 

Giao diem (neu co) cua t va d chinh la diem 
I can tim. Khi do tiep tuyen IT' chinh la t 
con ditimg th&ng doi xufng vdi IT' qua d la tiep tuyen IT cua (O; R). 

Chting minh rang neu mot hinh nao do co hai true ddi xdng vuong goc vdi 

nhau thi hinh do co tarn doi xdng. 

Gia stir hinh H co hai true doi xufng d va d' 
vuong goc veri nhau. Goi O la giao diem cua 
hai true doi xufng do. Lay M la diem bat ki 
thuoc hinh H, Mj la diem doi xufng vdi M 
qua d, M' la diem doi xufng vdi Mj qua d'. Vi 
d v^i d' deu la true doi xufng cua hinh H nen 
Mj va M' deu thuqc H. 

Goi I 1^ trung diem cua MM lt J la trung diem ciia M t M' thi ta cd : 

Si* 01 + lM*M r J + JO = WTOhav OM + OM' = 6. 

Vay phdp doi xufng tarn O bien didm M thuQC hinh H thanh diem M' thuoc 
H, suy ra H co tarn doi xufng la O. 
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3 . Cho dudng thing d di qua hai didm phdn biet P, Q va hai diim A, B ndr.m ve 
mdt phia ddi v&i d. Hay xac dinh tren d hai diem M , N sao cho MN = P(Q va 
AM + BN be nliat. 


Gid suf hai diem M, N n&m tren d 
sao cho MN = PQ. Lay diem A’ sao 

cho AA' = PQ thi diim A’ hodn 
loan xdc dinh vd AMNA’ Id hinh 
binh hdnh nen AM = A N. 

Ta c6 AM + BN = A'N + BN 

Goi A" Ik diem ddi xtfng ciia A’ qua d, 
khi do A'N + BN = A"N + BN > A 'B 

Tii d6 suy ra AM + BN nh6 nhat khi > 
dufoc di^m M thoa MN = AA” = PQ. 



Id giao diem cua BA" vdi d. Td d6» tim 


*i. Cho vecto u va mot diem O. V&i diim M bdt ki, ta goi M } la diem ddi x:dng 

vai M qua O va M’ la diem sao cho M X M' = u Goi F la phep bien hinh Ibien 

M thanh M\ 

a) F la phep hap tlidnh cua hai phep ndo? F co phdi la phep din hinh hay khang? 

b) Chdng to rdng F la phep ddi xdng tdm. 

a) F Id hop thanh cua hai phdp : phep doi 
xuTng tdm D 0 vdi tam O vd phep tinh 
tien T theo vecto u. Ta co F la phep ddi 
hinh vi Bq va T la phdp ddi hinh. 

b) Gia s & M x = B 0 (M) vd M’ = T(M X ). Neu 
goi O' Id trung diem cua MM' thi : 



s. 



u 

2 


Vay diem O' co dinh va F chinh la phep doi xufng qua tam O'. 

Cho tam giac ABC noi tiep trong di/ang trdn (O) va mdt diem M thay doi 
trin (O). Goi M x la diem ddi xdng v&i M qua A , M 2 la diem doi xdng v&i M x 
qua B, M 3 la diem ddi xdng v&i M 2 qua C. 

a) Chitng to rdng phep bien hinh F bien diem M thanh M s la mot phep ddi 
xdng tdm. 

b) Tim quy tich diem M 3 . 
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m GtuU 

a) Goi I la trung diern cua MM 3 , ta chufng minh I la diem co dinh. 

That vay, ta co : 

"cf = H CM+ CM 3 I = — f CM+ mTc] = - mTm = BA. 

i 3 ) 2v ) 2 

Nhu vay diem I co' dinh, do do phep bien hinh F bien M thanh M 3 la phep 



M 2 


b) Quy tich diem M 3 la difdng tron (O'), anh cua difdng trdn (O) qua phep doi 
xufng t&m vdi tam I. 

6 . Goi F la phep bien hinh co tinh chat sau day : Vai nioi cdp diem M, N va 

anh M\ N' cua chung, ta luon co M N' - kMN , trong do k la mdt so khdng 
doi khac 0. Hay chiCng minh ring F la phep tinli tien hoac phep vi tiX. 



Ta lay niQt di4m A co dinh va d&t A' = F(A). Theo gia 
thiet, vdi diem M bat ki va anh M' = F(M) cua nd, ta co 

AM’ = k AM. 


* Neu k - 1, thi A M’ = AM, do do MM' = AA‘, va F la 


phep tinh tien theo vector AA'. 

* Neu k * 1 thi co digm O sao cho : 



OA = k OA (vdi 0 thoa AO =-AA') 

1 - k 


Khi do ta cd : 


OM' = OA + A’ M' = k OA + k AM = kOM.. 
Vay F la phep vi tir tam O, ti so k. 
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a) Cho tarn giac ABC va hinh vuong MNPQ nhu hinh 

AB 

ben. Got V la phep vi tit tarn A tl so k =-. Hay 

AM 

dung anh ciia hinh vuong MNPQ qua phep vi tit V. 

b) Titbai toan a cau a) hay suy ra each giai bai toan sau : 

Cho tarn giac nhon ABC, hay dung hinh vuong 
MNPQ sao cho hai dinh P, Q n&m trdn earth BC va hai dlnh M, N T Idn 
luqt n&m tren hai canh AB va AC. 



a 


a) Ta c 6 AB = kAM va AC = kAN nen phep vi tu V bien 
diem M thanh diem B, bien diem N thanh diem C. 

Vay V bien hinh vuong MNPQ thanh hinh vuong 
BCP'Q’ nhu tren hinh ben. 

b) Dung hinh vuong BCP'Q’ n&m ngoai tarn giac ABC 
nhu hinh. Lay giao diem P, Q cua BC vdri cac doan 
th&ng tuefng ufng AP' va AQ’. Ti/ P va Q, ke cac 
duemg thing vuong g6c vdi BC, lin lugt c&t AC va 
AB tai N va M. Khi do MNPQ chinh la hinh vuong 
c&n dung. 

Cho ditdng trdn (O) co ditang kinh AB. Goi C la diem doi xilng vai A quia B 
va PQ la ditdng kinh thay doi cua (O) khac duang kinliAB . Ditdng tilling 
CQ cdt PA va PB Idn luqt tai M va N. 



a) Cluing minh ring Q la trung diem cua CM, N la trung diem cua C(Q. 

b) Tim quy tich cac diem M va N khi ditdng kinh PQ thay doi. 

« _. 

a) Ta co QB // AP (vi cung vuong goc vdi PB) va B la trung diem ciia AC nen 
Q la trung diem cua CM. 

Ta c6 AQ // BN (vi cimg vuong goc vdri AP) va B la trung diem ciia AC nen 
N la trung diem cua CQ. 
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b) Theo cau a) ta c6 CM = 2CQ nen phep vi tu V tarn C ti so 2 bien Q thanh 
M. Vi Q chay tren dtfdng tron (O) (trir hai diem A, B) nen quy tich M la 
anh cua duang tron d6 qua ph6p vi tif V (trtr anh cua A, B). 

Tiftfng tif, ta co CN = — CQ nen quy tich N la anh ciia dudng trbn (O) qua 

2 


ph£p vi tu V’ tam C, ti so 


1 


(trir anh ciia A, B). 


9 . Cho ditdng tron (O ; R) vd diem A co dinh. Mot ddy cung BC thay doi ciia 
( 0; R) co do dai khong doi BC = m. Tim quy cac diem G sao cho 

GA+M+GC=d. 


GruU 

Goi I \k trung diem cua BC. Ta co GA+ GB + GC = 6 co GA+ 2 G1 = 6 

—*■ 2 —* 2 ' 

c=> AG = - AI, the la phep vi tu V tam A ti so' - bien diem I thanh di4m G. 
3 ‘ ‘ 3 


Trong tam giae vuong OIB ta co : 

OI = VoB 2 - IB 2 


=JR 2 - 


~2 


= R' (khong doi) 


J 


nen quy tich I la diremg tr5n (O ; R ) 
ho$c la di£m O (neu m = 2R). Do do 
quy tich G la anh cua quy tich I qua 
phep vi tif V. 


B 



CAU HOI TRAC NGHI&M 


I. Cho hai ditdng thdng song song d vd d\ Co bao nhieu phep tinh tien bien 
ditdng thdng d thanh ditdng thing d'? 

A) Khong co phep tinh tien ndo; B) Co duy nhat mot phep tinh tien; 

C) Chi co hai phep tinh tien; D) Co rat nhi&u phep tinh tien. 


Lay A e d, A' e d’ thi phep tinh 
tien vecto AA' bien d th&nh d'. 

Chon (D) 

&. Cho bon ditdng thing a, b, a', b' trong do a / / a\ b / / b \ a cdt b. Co bao 
nhieu phep tinh tien biin ditdng thdng a vd b Idn htat thanh cac ditdng 
thdng a' vd b'? 
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B) Co duy nhdt mot phep tinh tioen; 
D) Co rat nhiku phep tinh tien. 


A) Khdng co phep tinh tii'n nao; 

C) Chi c6 hai phep tinh tii'n; 

, 7 >« £& 

Goi I Id giao di£m cua av^b 
I’ Id giao diem cua a' vd b’ 

Khi d6 phep tinh tien vectcf II’ 
bien a, b lin luut thdnh a', b\ Chpn (B) 

3 . Cho hai dieting thdng cdt nhau d vd d\ Co 
bidn ditdng thdng d thdnh dieting thdng d'? 

A) Khdng co phep d6i xting true nao; 

B) C6 duy nhdt mdt phep doi xting true; 

C) Chi co hai phep dd'i xting true; 

D) Co rdt nhidu phep doi xting true. 

p 7W £H 

Hai dudng phan gidc cua goc tao beri hai dating thing 
d vd d' Id cac true doi xting true bien dudng thing d 
thdnh dudng thing d'. Chon (C) 

*t. Trong cac hinh sau ddy, hinh nao co bdn true doi xdng? 
A) Hinh binh hank; B) Hinh chd nhdt; 

C) Hinh thoi; D) Hinh vuong. 

m 7 >* Ibt 

Hinh vuong co 4 true doi xufng. 

Chon (D). 


B. Trong cac menh d& sau, menh di nao sai? 

A) Hinh gom hai dieting iron khdng bdng nhau co true doi xting; 

B) Hinh gSm mdt dieting trdn va mdt doan thdng tuy y co true doi xti’n^g; 

C) Hinh gdm mdt dieting trdn va mdt dieting thdng tuy y co true doi x timg; 

D) Hinh gom mdt tam gidc edn va dieting trdn ngoai ticp tam gidc do co true 
dd'i xting. 





bao nhidu phep doi xting tiruc 




32-HINHHOC11NC 










tt Trong cdc hinh sau day , hinh nao /thong co tarn doi xutng? 

A) Hinh gdm mot dubng tron va mot hinh chU nhat noi tiep; 

Bj Hinh gdm mot dubng tron va mot tam gidc deu noi tiep; 

C) Hinh luc gidc deu; 

D Hinh gdm mot hinh vuong va d ltd tig tron noi tiep. 

^ £<?i 

Tam O cua dudng tron khong la 
tarn doi xutng cua tam giac deu ABC. 

Chon (B) 

7. Cho hinh vuong ABCD tarn O. Xet phep quay Q co tam quay O va goc quay <p. 
Vn gid tri nao sau day cua (p, phep quay Q bicti hinh vuong ABCD thanh 
chinh no? 


A 



A) <j) = 


7T 


B) q> = - 
4 


a cp = - 
3 


D) <p = 


Xet phep quay Q tam 0, goc - ta co : 

2 

Q : A -> B 

B -> C 

C -> D 

D -> A 


A D 



Sty ra Q : ABCD ABCD. Chon (D) 

a. Cto hai dudng thing song song d va d'. Co bao nhieu phep vi tu ti so k- 100 
biin dudng thing d thanh dudng thing d'? 

A Khong co phep nao? ; B) Co duy nhat mot phep ; 

C Chi co hai phep ; D) Co rat nhiiu phep. 




Q 


7>4 


Tien difcrng thang HH’ 1 d (H e d, H’ e d’). 

d 


Liy O sao cho OH = 100 OH 



Piep vi tir tam 0 ti so k bien d thanh d\ 

H 

L 

Cion (D) 




Cio dudng tron (O ; R). Tim menh d£ sai trong cdc menh de sau ddy : 
A Co phep tinh tien bien (O ; R) thanh chinh no ; 

B Co hai phep vi til bien (O ; R) thanh chinh no ; 

C Co phep doi xutng true bien (O ; R) thanh chinh no ; 

D Trong ba menh d& A, B , C, co it nhat mdt menh de sai. 
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£bi 

A), B), C) Deu dung. Chon (D) 

90. Trong cac menh de sau ddy, menh d& nao sai? 

A) Tdm vi tu ngoai cua hai dudng trdn ndm ngoai hai dudng trdn do; 

B) Tdm vi tu ngoai cua hai diidng trdn khong ndm gida hai tdm cua I hai 
dudng trdn; 

C) Tdm vi tu trong cua hai dudng trdn ludn thuoc doan thing ndi tdm I hai 
dudng trdn; 

D) Tdm vi tUcua hai dudng trdn co thi la di$m chung cua ca hai dudng trom . 

Chon (A) 

99. Phep bien hinh nao sau ddy khong co tinh chat : "Bien dudng thing somg 
song thanh dudng thing song song hodc triing vdi no"? 

A) Phep tinh ti$n ; B) Phep ddi xitng tdm ; 

C) Phep ddi xitng true ; D) Phep vi tu. 

Chon (C) 

90. Trong cac m&nh di sau ddy, menh de nao sai? 

A) Phep ddi hinh la mot phep dong dang ; 

B) Phdp vi tu la mot phep ddng dang ; 

C) Phep ddng dang la mot phep ddi hinh ; 

D) Co phep vi tit khdng phdi la phep ddi hinh. 

Chon(C) 
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BlfCtNG I HANG VA MAT PHANG IRONS KRONE SIAN 
QPAN HE SONS SONS _ 

§ 1. DAI Cl/dNG VE 
DlfCJNG THANG VA MAT PHANG 

A. TOM TAT GlAO KHOA 

1. Cac tinh chat : 

a. Tinh chat 1 

Co mot va chi mot dudng thing di qua hai diem phdn biet cho trUac. 

b. Tinh chat 2 

Co mot va chi mot mat piling di qua ba diem khJbng thing hang cho trude. 

c. Tinh chat 3 

Tdn tai bon diem khong cung ndm tren mot mat phang. 

d . Tinh chat 4 

Neu hai mat phang phdn biet co mot diem chung thl chung co mdt 
dudng thing chung duy nhdt chiia tat cd cac diem chung cua hai mdt 
phang do. 

e. Tinh chdt 5 

Trong nidi mdt piling, cac k&t qua da biet cua hinh hoc piling d&u dung. 

■ Dinh li 

Neu mot dudng thing di qua hai diem phdn biet cua mot mdt phdng 
thi moi diSm cua dudng thing deu ndm trong mdt phdng do. 

2;. Pieu ki$n xac djnh m$t phfing : 

i) Mot mdt phdng duqc xac dinh neu biet no di qua ba diem khong 
thing hang. 

ii) Mot. mdt phdng duqc xac dinh neu biet no di qua mdt dudng thing 
va mdt diem khong thuoc dudng thing do. 

iii) Mdt mdt phdng duqc xac dinh neu bidt no di qua hai dudng thing 
cdt nhau. 
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3. Hinh chop va hinh tuf dign : 
a) Hinh chop 
■ Dinh nghia : 

Clio da giac A 2 A 2 ...A n va mot diem S ndm ngoai mat phang chiCa dai 
giac do. Noi S vai cdc dinh A h A 2 A n de duac n tam gi.dc : SA jA 2 ,> 
SA2A3,..., SA n Aj. 

Hinh gom n tam giac do va da giac AjA 2 ...A n goi la hinh chop vat 
duac ki hieu la S.AjA 2 ---A n . 


s s s 



b) Hinh tut di$n 
■ Dinh nghia : 

Clio bon diem A, B, C, D khong dong phdng. Hinh gdm bon tam giac 
ABC, ACD, ABD, BCD goi la hinh tit dicn <hay ngdn gon la tit dicn) va 
duac ki hieu la ABCD. Thiet dicn (hay mat cdt) ciia hinh -tt kln cdt hai 
mp(P) la phan cluing ciia mp(P) va hinh -tt. 


B. PHLTdNG PHAP GIAI BAl TAP 


a) Tim giao tuyen ciia hai m$t phdng 

■ Tim hai diem chung phan biet ciia hai mat phang. 

■ Dating thang di qua hai diem chung do la giao tuyen ciia hai mat piling. 

hvtu y : De tim dmm chung ciia hai mat phang ta thtfcmg tim 2 ditcmg thang 
dong phang lan lixot nhm trong hai mat phang do. Giao diem (neu co) ciia 2 
duf&ng thang nay chinh la diem chung ciia 2 mat phang. 
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b) Chting mink ba diem thdng hang 

Muon chifrig minh ba diem thdng hang ta chufng minh ba diem do la cdc 
diem chung cua hai mat phdng phan biet. Khi do chung se ndm tren giao 
tuyen cua hai mat phdng do nen thdng hang. 

c) Tim giao tuyen cua ditcmg thang va mqit phdng 

Ta tim giao diem A cua dodng thang d va mat phdng a. 

• Bode 1 : Chon mat phdng phu P chufa d. 

• Bode 2 : Tim giao tuyen a cua 2 mdt phdng a va p. 

• Bode 3 : Giao diem A cua d va a la giao 

diem cua d va a. 

Chu y : Thodng chon mdt phdng phu p sao 
cho giao tuyen a de xac dinh. 

f. Trong cdc menh sau day, menh de nao dung? 

a) Co duy nhdt mot mat phdng di qua ba diem cho trildc. 

b) Co duy nhdt mot mat phdng di qua ba diem khong thdng hang cho tritac. 

c) Ba diem khong thdng hang ciing thugc mot mat phdng duy nhdt. 

% Tnj 

Menh de a) Sai vi co vo so mat phdng di qua 3 diem thdng hang cho trOdc. 
Menh de b), c) Dung. 

2 Em hay gidi thick vi sao cac dS vat co bon chan nhu ban, ghe, ... thiidng dd 
bi cap kenh. 

m 7 >* 

Thodng bon chan ciia vat ndm tren mot mdt phdng, vat khong cap kenh 
(gap ghenh) nhong mat dat thodng khong phdng, do do ban hodc ghe 
thodng hay cap kenh. 

3. Vdi mdt edi thude thdng, turn the ndo de phdt hicn mot mat ban co phdng 
hay khong? Noi ro can cit vdo dau ma ta lam nhu vdy. 

^ 7^4 £di 

Dat thodc tren bdn, day thodc di dong. Neu mdt ban that phdng thi canh 
thddc luc nao cung sdt vdi mdt ban, neu mat ban khong that phdng thi canh 
thodc co luc khong sdt vdi mat ban va ta trong thay co khe hd giura canh 
thodc va mdt ban. 
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Can cuf v&o dinh 11: "Nlu m§t dtfttng thdng di qua hai diem phan biet cua imQt 
mat phdng thi moi diim cua dirtmg thdng deu ndm trong mat phdng d 6' 

1. Cho mdt phang (P) va (Q) cdt nhau theo giao tuyin A Trdn (P) cho ducang 
thdng a va trin (Q) cho duang thing b . Chting mirth ring neu a va b cdt 
nhau thi giao diim phdi ndm trin A. 

, && _ 

Ta c6 (P) n (Q) = A 

Gid suf I = a n b. 

Ta c6 lea ma a c (P) nen I e (P) 

I e b ma b c (Q) nen Ie (Q) 

Tit d6 suy ra Ie (P) n (Q) = A. 

B. Cho m^t phang (P) va ba diem khong thing hang A , B, C cung ndm ngroai 
(P). Chilng minh ring neu ba duang thing AB, BC, CA deu cdt mp(P) thi 
cac giao diim do thing hang. 

9 && _ 

Goi I, J, K bin litat la giao diim 
cua AB, AC, BC vdi mp(P). A, B, C 
khong thdng hang nen co 
mp(ABC). 

Ro rang I, J, K e mp(ABC) va I, 

J, K e mp(P) nen I, J, K ndm 
tr£n giao tuylh cua hai mat 
phdng (P) va (ABC). 

V$y I, J, K thdng hang. 

B. Trong cac minh di sau ddy f minh di ndo dung? 

a) C6 duy nhdt mdt mit phdng di qua mdt diim va, mdt duang thing cho truac. 

b) C6 duy nhdt mdt mdt phdng di qua mdt diem va mot duang thdng chila 
diim dd. 

c) C6 duy nhdt mdt m$t phdng di qua mot diem va mdt duang thdng khdng 

chita diim do, 

, 7>* A' 

a) b) m#nh de sai vi co vo so mat ph&ng di qua mot diem va mpt diftmg 
thdng chufa diim d6. M|nh de c) dung. 

1. Hay tim menh di dung trong cac minh di sau day : 

a) C6 mdt m$t phdng duy nhdt di qua hai duang thing cho truac. 

b) C6 mdt mdt phdng duy nhdt di qua hai duang thdng cdt nhau cho trUdc. 


A 
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c) Co day nhdt mdt mat phdng di qua hai duang thdng ma hai dildng thdng 
do Idn htqt ndm tren hai mdt phdng cdt nhau. 

Menh de a) sai vi c6 vo so' mat phing di qua hai difdng thing trung nhau. 
Menh de c) sai vi khong c6 mat phing nao di qua 2 dtfcmg thing cheo nhau. 
Menh de b) dung. 

B Cho hai duang thdng a va b cdt nhau. Mot dudng thdng c cdt ca a va b. Co 
the ket ludn rdng ba, dudng thdng a, b, c cung ndm tren mot mat phdng 
hay khong? 

Khong. Bdi vi neu a va b cdt nhau tai I thi dir&ng 
thing c qua I cit ca a va b nhimg no co the khong 
thuoc mp(a, b). 

9 Cho ba dudng thdng a, b, c khong cung ndm trong mot mdt phdng sao cho 
chung doi mdt cdt nhau. Chitng minh rdng chung dong quy. 

Goi I = a n b; J = a n c, K = b n c. Neu cdc diem 
I, J, K phan bi$t tifng cap thi a, b, c cung thupc 
mp(IJK), trii gia thiet. Vay I, J, K trung nhau do - 
do a, b, c dong quy. 

IB Cho hai dudng thdng a va b cdt nhau tai diem O va duang thdng c cdt 
mp(a, b) a diem 1 khac O. Goi M la diem di dong tren c va khac /. 
Chitng minh rdng giao tuyen cua cac mdt phdng (M , a), (M, b) ndm tren 
mot mdt phdng co dinh. 

Ta co M <= (M, a) n (M, b) 

Vi O = a n b nen O e (M, a) n (M, b) 

=> (M, a) n (M, b) = MO 
Vi M e c n£n MO c mp(0, c) 

Vfiy giao tuyen cua hai mat phing (M, a), 

(M, b) nim tren mat phing (O, c) co dinh. 

If. Cho hinh binh hanh ABCD ndm trong mdt phdng (P) va mdt di&m S ndm 
ngoai mp(P). Goi M la didm ndm gii2a S va A; N la diim ndm giita S va B; 
Giao diem cua hai duang thdng AC va BD la O 

a) Tim giao diim cua mdt phdng fCMN) vai duang thdng SO. 

b) Xac dinh giao tuyen cua hai mat phdng (SAD) va (CMN). 
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, && 

a) Tim SO n (CMN) 

Trong mat ph&ng (SAC) goi I la giao dmm 
cua SO vdi CM : 

I = SO n CM 

Ma CM c (CMN) nen I = SOn (CMN) 

b) Tim (SAD) r> (CMN) 

Trong mp(SBD) goi K la giao diem cua NI 

va SD. K = NI n SD 

Ta c6 M, K e (CMN) va M, K e (SAD) 

Do do (SAD) n (CMN) = MK. 
m. Ve mdt so hinh bieu dibn cua mot kink chop tit giac trong cdc tritdng hop 
day la tic giac l6i, day la hinh binh hanh, day la hinh thang. 

9 

■ Neu day cua hinh ch6p la ttif giac loi tuy y, ta c6 hinh thtfdng dung la hinh 

a) hoac hinh b). 

■ Neu d£y cua hinh ch6p tuf giac la hinh binh hanh, hinh chuf nhat, hinh 

thoi hay hinh vuong, ta co hinh bieu dien thircmg dung ciia hinh chop la 
hinh c). 


s 



■ Neu day cua hinh ch6p tur giac la hinh thang ABCD (AB // CD) thi ta co 
hinh bieu diln thtfcmg dung la hinh d) hoac hinh e). 



a) b) c) d) c) 

93 . Thi&t dien cua mdt hinh tit didn co th£ la tam giac , tit giac hoac ngu giac 
hay khong? 

Thiet di$n cua mot hinh tuf dien lh mpt tam giac khi mat phang c4t b& nat 
cua tuf dien. Thiet di$n la mot tuf giac khi mat phang cat bon mat cua hnh 
tuf dipii. Thiet dipn cua mpt hinh tuf dien khong the la mot ngu giac vi igu 
gidc c6 nam canh ma tuf dien chi c6 bon mat. 
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A A 



§*. Dung bia ciing cat va dan lai de thank : 

a) Mdt tit dien d6u; 

b) Mdt hinh chop tit gidc co day la hinh vuong va cac mdt b&n la nhUng tam 



a) b) 


li. Clio hlnli chop tit gidc S.ABCD. Ba diim A ', B\ C' Idn litat ndm tr$n ba 
canh SA, SB, SC nhitng khdng triing vdri S, A, B, C. Xdc dinh thiet dien cua 
hinh chop khi cdt boi mp(A'B’C') 

Goi 0 = ACn BD; O' = AC' n SO 
D’ = B O’ n SD * 

■ Neil D’ thuQC doan SD thi thiet di<?n Id td gidc A B C’D’ 


s s 



■ Neil D’ n&m tren phdn keo ddi cua canh SD, ta goi E Id giao diem cua CD 
vd C’D’, F Id giao diem cua AD vd A D’. 

Khi dy thiet di$n Id ngu gidc A’BCEF. 
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16 Cho hinh chdp S.ABCD. Goi M la mdt diim n&m trong tam giac SCO. 

a) Tim giao tuyin cua hai mdt phdng (SBM) va (SAC). 

b) Tim giao diim cua duang thdng BM va mp(SAC). 

c) Xac dinh thiit di$n cua hinh chdp khi cdt bdi mp(ABM). 

a) Tim (SBM) n (SAC) s 

Trong ASCD goi N = SM n CD. 

Trong mp(ABCD) goi O = BN n AC. 

Ta c6 : SO = (SBM) n (SAC) 

b) rim BM n (SAC) 

• Chon mat ph&ng phu chiia BM la (SBN) 

• (SBN) n (SAC) = SO. 

• Goi I = SO n BM thi 

I = BMn (SAC) 

c) Trong mp(SAC) goi P = AI n SC 

Trong mp(SCD) PM c&t SD tai Q. Thiet di#n cua hinh chdp khi c£t bdi 
mp(ABM) la ttf giac ABPQ 

c. bAitAplAmth£m 

#. Cho til didn ABCD. Goi J, J Idn litot la trung diim cua AC va BC. K Id mdt 
diim tr&n canh BD sao cho KD < KB. Tim giao tuyin cua a 
mdt phdng (IJK) v&i hai mdt phdng (ACD) va (ABD). 

Htfdng din : 

a) Goi L Ik giao diim cua JK \k CD. 

Ta c6 : (IJK) n (ACD) = IL 

b) Goi M Ik giao diim cua AD vk IL. 

Ta c6 : (IJK) n (ABD) = KM f 

B. Cho tit di&n ABCD , M Id m$t diim bdn trong tam giac ABD, N la mdt diim 
bin trong tam gidc ACD . Tim giao tuyin cda a 

hai mdt phdng. 

a) (AMN) va (BCD) ; b) (DMN) va (ABC). 

Hxt&ng din : 

a) Giao tuyin cua (AMN) vk (BCD) 

Goi I Ik giao diim cua AM vk BD. J \k giao 
diim cua AN vk CD. 

Ta c6 : (AMN) n (BCD) = IJ 
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b) Giao tuyen cua (DMN) va (ABC) 

Goi E la giao diem cua DM va AB. F la giao diem cua DN va AC. 

Ta c6 : (DMN) n (ABC) = EF 

3 Cho tit di&n ABCD, M vd N la hai diem Idn lugt tren AC va AD. O la diem 
ben trong (am giac BCD. Tim giao diim cua : 
a) MN vd (ABO) ; b) AO vd (BMN). 

Htfdng din : 

a) Tim giao diem MN v& (ABO) 

• Chon mat phing phu chufa MN la (ACD) 

• (ACD) n (ABO) = AI vdi I la giao diem 
cua 2 dirtmg thing BO va CD 

• Goi K la giao diim cua AI va MN thi K 
la giao diem cua MN va (ABO) 

b) Tim giao diem AO va (BMN) 

• Chon mat phing phu chtfa AO la (ABI) 

• (ABI) n (BMN) = BK 

• Goi L la giao diem cua BK va AO thi L la giao diim cua AO va (BMN) 

Jfc Cho hinh chop S.ABCD day la hinh thang, day Idn la AB. Goi /, J, K la 3 

diim tr&n SA, AB, BC theo thd tu do. 

a) Tim giao diim IK vdi (SBD) 

b) Tim cac giao diim cua m4t phdng (IJK) vdi SD vd SC. 

Htfdfng din : 

a) Tim giao diim IK va (SBD) 

• Chon mat phing phu chufa IK la 
(SKA) 

• (SKA) n (SBD) = SO vdi O la giao 

diim cua AK va BD A 

• Goi M la giao diim cua SO va IK thi 
M 14 giao diim cua IK va (SBD) 

b) Tim giao diim SD va (IJK) 

• Chon mat phlbig phu chitet SD la (SBD) 

• (SBD) n (IJK) = MN vdi N la giao diim cua JK va BD 

• Goi L la giao diim cua MN va SD thi L la giao diim cua SD va (IJK) 




c) Tim giao diim SC va (IJK) 

• Chpn mat ph&ng phu chufa SC la (SBC) 

• (SBC) n (IJK) = KR vdi R la giao diim cua 2 dtfdng thing IJ va SB 

• Goi P la giao diim cua KR va SC thi P la giao diim cua SC va (IJK) 
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§2. HAID JCfNG THANG SONG SONG 

A. TOM TAT Gl AO KHOA 


1. Vi tri ttfcfng doi giga hai drigng thing phan bigt : 

■ Dinh nghia 

Hai dubng thing goi la ding piling ncu chiing ciing aim trong mot 
m$t piling. 

Hai ditbng thing goi la cheo nhau ncu cluing khong ddng piling. 

Hai dilang thing goi la song song ncu chung dong piling va khong 
cd diem chung. 

2. Hai dtfcfng th&ng song song : 

■ Tinh ch&t 1 

Trong khong gian, qua mot diSm ndm ngoai mot ditbng thing, cd 
mdt va chi mot dubng thing song song vbi ditbng thing do. 

■ Tinh chat 2 

Hai dubng thing phan biet ciing song song vbi mot dubng thing tint 
ba thi song song vbi nhau. 

■ Dinh li (vS giao tuyen ciia ba mQ,t phang) 

m'u ba mdt piling doi mot cdt nhau theo bagiao tuyen phdn biet thi 
ba giao tuydn dy hobic ddng quy ho$c ddi mdt song song. 





(P)n(Q) = a 

(P) n (R) = b 

(Q) n(R) - c 


anb nc = 10} 
alibi Ic 


Hf qua 

Ndu hai mdt phing phdn biet Idn litat di qua hai dubng thing song 
song thi giao tuySn cua chiing (neu co) song song vbi hai ditbng thing 
dd (ho$c trung vbi mot trong hai dubng thing do). 
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B. PHl/CfNG PHAP GIAI BAI TAP 


1. Chufng minh hai dtfdng thang song song 

Suf dung mot trong cac phi/cfng phap sau : 

a Chu'ng minh hai dtfcfng thang do dong phang roi ap dung phitong phap 
chufng minh song song trong hinh hoc phang (dtfdng trung binh, dinh li 
dao cua dinh li Talet...) 

b Chiing minh hai di/cmg thang do cung 
song song vdi ddcmg thang thuf ba. 

c Ap dung dinh li ve giao tuyen 
(a) n(P) = d 

< ac(a),k (p )=>dl la/lb 
a! lb 

2. Tim giao tuyen cua hai mat phang 

- Tim mot diem chung A cua 2 mat phang (a) va (p) 

- (a) va (p) lan loot chiira 2 dtfcmg thang song song a va b 

- Giao tuyen la dildng thang qua A va song song vdi a, b 



17. Tim menli de dung trong cdc menh de sau day : 

o) Hai duang thing cheo nhau thi khdng co diem chung. 
t) Hai ducmg thing khdng co diem chung thi cheo nhau. 
c 1 Hai duang thing khdng song song thi cheo nhau. 
c) Hai duang thing phdn biet khdng cit nhau va khdng song song thi 
cheo nhau. 

e) M$nh de dung 

l) M$nh de sai (xdt trirdng hop hai difftng thang song song) 
c) Menh de sai (xet hai difcmg thang cat nhau) 
c) M$nh de dung. 

IB. Clio td dien ABCD. Goi M, N Id hai diem phdn biet cung thudc duang 
thing AB; P, Q la diem phdn bidt cung thudc duang thing CD. Xet vi tri 
tuang doi ciia hai duang thing MQ f NP va vi tri tuang doi cua hai duang 
thing MP , NQ. 
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J* •> p 

% _ Qi&L _ 

Hai dating thang MQ vk NP ch4o nhau. That 
v£y, gid suf chung khong cheo nhau, ttfc chung 
cung thuQc mpt mp(a) ntio d 6. Vay M, N, P, Q 
cung thupc mp(a) vti do do A, B, C, D cung thuoc 
mp(a). Bieu nky mau thudn vdi gid thiet ABCD 8 
lti mpt td dipn. 

Chdng rainh tacmg ta, hai dating thdng MP vti 
NQ cung chtio nhau. 

IO. Cho tit dien ABCD. Bon diim P, Q, R } S Ian litqt ndm trdn bon canh AiB, 
BC, CD, DA va khdng trung v&i cac dinli cua tit dien. Chitng mink rang? : 

a) Bon diem P, Q, R , S ddng phdng khi va chi khi ba ditang thing PQ, RtS, 
AC hodc doi mdt song song hodc dong quy; 

b) B6n diim P, Q, R, S dong phdng khi va chi khi ba ditang thing PS, R(Q, 
BD hodc doi mdt song song hodc dong quy. 

m _ 

a) Neu P, Q, R, S dong phting thi chung cung 
thuoc mtit phdng (PQRS) 

Ta c6 (PQRS) n (ABC) = PQ 
(PQRS) n (ACD) = RS 
(ABC) n (ACD) = AC 

Theo dinh 11 ve giao tuyen cua ba mtit phdng 
thi PQ, SR, AC hotic d6i mpt song song hotic 
dong quy. 

Ngiroc lai, neu ba dating thdng PQ, AC, RS hotic doi mpt song song hotic 
ddng quy thi hai dating thdng PQ va RS hotic song song hotic cat nhau. Vtiy 
hai dating thdng PQ vti RS cung thupc mpt mat phdng, tCr do bon diem P, Q, 
R, S dong phdng. 

b) ChOng minh taang ta a) 

SfB. Cho tit dien ABCD va ba diim P, Q, R Ian litqt ndm tren ba canh AB, CD, 
BC. Hay xac dinh giao diim S cua mp(PQR) vdi canh AD neu : 

a) PR 11 AC; 

b) PR cdt AC. 

a) Trirtmg hap PR // AC 


A 



A 
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Hai mat ph&ng (PQR) va (ACD) c6 diem chung Q 
va ldn lufot chufa hai dtfdng th&ng song song PR 
va AC nen : 

(PQR) n (ACD) = Qt // AC 
Goi IS} = Qt r\ AD thi 

IS) = AD n (PQR) A 


b) Tri/dng hap PR c&t AC 

Gia su |I) = PRn AC 
=> (PQR) n (ACD) = QI 

Trong mp(ACD) ta c6 
IS) = QI n AD thi 
IS) = AD n (PQR) 




Cho tit dien ABCD. Cac diem P, Q l&n hlqt la trung diem cua AB va CD; 
Ditfm R ndm tren canh BC sao cho BR - 2RC. Goi S la giao diim cua 
mp(PQR) va earth AD. Chitngminh ring AS = 2SD. 


Dinh li Menelaus 

Gia suf dirtmg th&ng A c&t ede canh (ho&c phan 
k6o dai) BC, CA, AB Idn lirgt tai M, N, P thi : 

MB NC PA _ f 

MC'NAPB" J- 

Ap dung dinh li de giai bai to&n 
Goi (I) = PR n AC 

Trong mp(ACD) goi IS) = QI n AD thi 
IS) = ADn (PQR) 

Ap dung dinh li Menelaus trong AABC 8 

vdi c&t tuyen PR I ta c6 : 

PA RB IC , o IC i IC 1 

PB RC IA IA IA 2 

=> C 1 k trung di£m cua AI 

Ap dung dinh li Menelaus trong AACD vdi 
c&t tuy&n IQS ta c6 : 

IC QD SA 1 - SA QA OQri/ . x 

— .— = 1 => - .1-= 1 => SA = 2SD (dpcm) 

IA QC SD 2 SD 
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Goi G la trong tarn cua tit dien ABCD. 

a) Chtfng mirth ring ditdng thing di qua G vd mot dink cua tdc dien se? di 
qua trong tdm cua mdt doi dien vdi dinh ay. 

b) Goi A ' la trong tdm cua mat BCD. Cluing mirth ring GA = 3GA'. 




a) Trong mp(ABN) goi A 1 la giao diem cua AG 
ABCD. Ta chvjfng minh : 

A’B = 2AN 

Ap dung dinh li Menelaus trong ABMN 
vdi cat tuyen AGA’ ta co : 

AM GN A’B 
ABGMAN ~ 

1 A’ B 

=>-l. -=1=> AB = 2A’N 

2 AN 

V&y A' Ik trong tam cua ABCD 


vdi trung tuyen BN <cua 
A 



Tifcfng ti t BG, CG, DG I4n liftft di qua trong tam B', C’, D' cua tam gidc ACD, 
ABD, ABC 


b) Chufng minh GA = 3GA' 

✓ 

Ap dung dinh H Menelaus trong AABA’ vdi cat tuyen MGN ta co : 


MA GA' NB 


MB GA NA 


GA' 

1 => L-.3 = 1 => GA = 3GA (dpcm) 

GA 


c. bAitAp lAmth£m 

f. Cho hinh chip S.ABCD co day ABCD la hinh binh hanh. Goi H vd K Idn 
litot la trung diim cua SA vd SB. 

a) Chdng minh HK I / CD 

b) Goi M la di£m tr§n canh SC khong trung S. Tim giao tuyen cua hai mat 
piling (HKM) vd (SCD). 

c) Tim giao tuyd'n hai mdt piling (SAB) vd (SCD). 

Cho hinh chip S.ABCD co day ABCD la hinh thang vdi cac canh day la AB 
vd CD. Goi /, J Idn litot la trung diem cua AD vd BC. Goi K la diim tren 

canh SB sao cho SN = ^SB. 

3 

a) Tim giao tuyen cua (SAB) vd (IJK). 

b) Xac dinh thiet dien cua hinh chop vdi mp(IJK). Tim dieu kien doi vdi AB 

va CD d$ thi&t dien la hinh binh hanh. 
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§3. DlfCJNG THANG SONG SONG VCJl MAT PHANG 

A. TOM TAT Gl AO KHOA 


1. Vi tri ttfdng doi gitfa dtfdng th&ng va m&t phdn 


■ Dinh nghia 

Mot dudng thdng va mot mat phdng goi Id song song v&i nhau neu 
chiing khong co diem ckung. 

all (a) <=> a n (a) = 0 

2. Dieu kien de mot dtfdng th&ng song song vdri mot m&t phdng : 


■ Dinh li 1 

Neu dudng thdng a khong ndm tren mat phdng (P) va song song vdi 
mot dudng thdng nao do ndm tren mdt phdng (P) 
thi a song song vdi (P). — 

a <z (P) 

< a' c (P) => a / / (P) / “7 

[«//« 4_r_y 

3. Tinh chat : 

■ Dinh li 2 

Neu dUbng thdng a song song vdi mdt phdng (P) thi moi mat phdng 
(Q) chila a ma cdt (P) thi cdt theo giao tuydn song song vdi a. 

all (P) /" === = =—7 

< a c (Q) => a / / b \ r .\ / 

(P) o (Q) = b ---V 

■ H§ qua 1 

a 

Ndu mdt dudng thdng song song vdi mot mqt phdng thi no song song 
vdi mot dudng thdng nao do trong mat phdng. 

■ H$ qua 2 

Neu hai mdt phdng phan bidt ciing song song vdi 
mdt dudng thdng thi giao tuyen cua chiing (neu co) 
cung song song vdi dudng thdng do. 'GL 

(a) * (pj 

d! No.) .J 

{ a / I d 

d/KP) KT 

(a)r\($)^a 
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■ Dinh li 3 



Ni'u a va b la hai ditong thdng cheo nhau thi ^ 



qua a, co mot va chi mdt mdt phang song song 


[f \ 

vdi b. 


rt) 


B. PHL/ONG PHAP GIAI BAl TAP 


1. Chufng minh diTdng thdng song song vdfi m#t phang 

Muon chufng minh dtfdng thdng d song song vdi mat ph^ng (a) (vdi d cZ (a)) 
ta chufng minh d song song vdi dirdng thdng a nao do n&m trong (a). 

d £ (a) 

< a c (a) d//( a) 
d/ la 

2. Tim thid't di£n cua hinh ch6p vdi mat phang 

• Ta tim cdc doan giao tuyen cua (a) vdi cdc mat cua hinh chop b&ng edeh 
tim giao tuyen cua (a) vdi cdc mat ph&ng chira cdc mat dd cua hinh ch6p 
theo 2 cdch : 

- Tim hai dilm chung cua hai mat ph&ng do (each 1). 

- Tim mpt diem chung cua hai mat phang va hai dudng thdng song song 
n&m lan lircft trong hai mat phang (each 2). 

• Thtfdng suf dung h$ qua sau : 

N&i d // (a) thi moi mat phang (p) 3 d cat (a) theo giao tuyen song song vdi d. 
23 . Cho hai ditong thdng a va b cung song song vdi mp(P). Minh de ncio dung 
trong cdc menh de sau? 

a) a va b song song vdi nhau ; b) a va b cheo nhau ; 

c) a va b co the cdt nhau ; d) a va b trung nhau ; # 

e) a va b cd mdt trong bdn vi tri tuang dd'i a cac cdu a), b), c) va d). 

M$nh d4 c) va e) dung. 

21 Cho mp(P) va hai dildng thdng song song a, b. Menh di nao dung trong :ac 
minh dS sau ddy? 

a) Neu (P) song song vdi a thi (P) cung song song vdi b; 

b) Neu (P) song song vdi a thi (P) song song vdi b hodc chda b; 

c) Niu (P) song song vdi a thi (P) chda b; 

d) Ni'u (P) cdt a thi (P) cung cdt b; 

e) Ni'u (P) cdt a thi (P) co the song song vdi b; 

f) Ni'u (P) chda a thi (P) co the song song vdi b. 
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0 7W Cbi 

Menh de a) sai vi co the b c (P) 

Menh de b) dung. 

Menh de e) sai vi co the b // (P) 

Menh d& d) dung. 

Menh de e) sai vi b c&t (P). 

M^nh d& f) dung. 

Civ tit dien ABCD. Goi M, N Idn htgt la trung diem ciia cac canh AB va AC. 

a) Xet vi tri titang doi cua ditang thing MN va mp(BCD). 

b) doi d la giao tuyen cua hai mdt piling (DMN) va (DBC). Xet vi tri titang 
doi cua d va mp(ABC). 

a) MN la difdng trung binh cua tam gi&c ABC nen 
MN // BC. 

3uy ra MN // mp(BCD) (vi MN cz (BCD)) 

b) 7i MN // (BCD) nen mp(DMN) di qua MN c&t 
mp(BCD) theo giao tuyen d // MN. 

Do d6 d // mp(ABC). 

HO- Ch) tit diin ABCD. Co thi hay khdng cdt tit dien bing mdt m$t ph&ng di: 



a) Vliiit diin la hinh thang? 

b) Vhiit diin la hinh binh hanh? 

c) n hiit diin la hinh thoi? 

a) 06 the c&t tuf di§n bang mot mat ph&ng d& thiet di§n la hinh thang, vi du 
nhif mat ph&ng di qua M, N (M, N la hai diem lan lufcrt n&m tren hai 
canh AB, BC) va song song vdi BD. 


A A 



C C 


b) 36 the c&t tu' di$n b&ng mpt mat ph&ng di thiet di$n la hinh binh hanh, 
vi du nhtr mat ph&ng di qua dilm M n&m trdn canh AB va song song vdi 
hai dudng th&ng BD va AC. 
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c) Co the. Gia suf mat piling cat la (P) qua diem M thuoc doan AB, song ssong 

vdi BD va AC. Khi do thiet dien la hinh binh hanh MNEF. 

, MF AM BD. AM 

Ta co :-=-=> MF =-; 

BD AB AB 

MN MB x/rxT AC. MB 

---=> MN =- 


AC AB 
Tuf giac MNEF la hinh thoi 


AB 


oMF = MNo BD.AM = AC.MB <^> 


AM AC 


.(*) 


MB BD 

Vay vdi M xac dinh cf (*) thi mp(P) qua M va song song vdri AC, BD se? c£t 
tuf dien theo mqt thiet dien la hinh thoi. 

B7. Cho hinh chop S.ABCD co day la tit giac loi, O Id giao diem ciia hai diitbng 
cheo AC va BD. Xac dinh thiet dien cua hinh chop khi cdt hdi mat phdntg di 
qua O, song song vai AB va SC. Hoi thiet dien do la hinh gi ? 

^ 6uU 


Goi (a) la mat phang qua O song song vdri AB 

va SC. 

AB // (a) nen (a) cat mp(ABCD) theo giao 
tuyen qua O va song song vdri AB. Goi M, N 
lan luqt la giao diem cua dirdng thang qua O 
song song AB vdri BC va AD. 

Trong mat ph&ng (SAC) ke OP // SC (P e AS) 

(a) c&t mp(SAB) theo giao tuyen PQ7/ AB 
(Q e SB). 

Thiet di$n can tim la tuf giac MNPQ. 
i*B. Cho hinh chop S.ABCD co day la hinh binli hanh. Xac dinh thiet didn cua 
hinh chop khi cdt b&i mat phdng di qua trung diem M ciia canh AB, song 
song vdi BD va SA. 

^ GrieU 



Goi (P) la mat ph&ng qua M va song song vdri 
BD, SA. 

BD // (P) nen (p) cat mp(ABCD) theo giao 
tuyen MN // BD (N e AD). 

SA // (P) nen (P) cdt mp(SAB) theo giao 
tuy&n MP // SA (P € SB). 
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(fV cdt mp(SAD) theo giao tuyen NQ // SA (Q e SD) 

Goi jl| = MN n AC. (p) cftt mp(SAC) theo giao tuyen IK // SA (K e SC) 
Tkiet di$n can tim la ngu giac MNQKP. 


C. BAI TAP LAM THEM 


I. Trotig mtit pitting (ol) cho SABC vuong tai A, B = 60°, AB = a. Got 0 la trung 
di'mi cua BC. Lay S a ngoai (a.) sao cho SB = a va SB 1 OA. Goi M la mot 
dim tren canh AB, mat plidng ($) qua M va song song vai SB va OA ctit BC, 
SC, SA Idn luot tai N, P, Q. Dtit x = BM (0 < x < a). 

a) Chilng mink MNPQ la hinh thang vuong. 

b) Tinh theo a va x dien tick cua hinh thang nay. Tinh x de dien tick nay 
Ion nhat. 


d^n : 

a) MNPQ la hinh thang vuong 

Vi (a) // SB nen (a) c^t 2 mat ph^ng chtifa SB la (SAB) va (SBC) lan luat 
theo hai giao tuyen MQ va NP song song vdri BC nen MNPQ la hinh thang. 

Vi (a) // OA nen (a) dit (ABC) theo giao tuyen S 


MM // OA 

Theo gia thiet SB 1 OA nen QM 1 MN. 
V§y MNPQ 1& hinh thang vuong tai M. 

b)S MNPQ = -(MQ + NP). MN 
2 


Ta co : 
Ta co : 


MQ AM 
SB AB 
NP _ CN 
SB " 


MQ = a ~ x 
2a - x 


=> NP = 


Vay S 


MNPQ “ 


CB 
x(4a-3x) 


. Ta co : S 


MNPQ 


3x(4a- 

12 



3x) 


3x va 4a - 3x co tong bSng 4a (hang so) nen tich 3x(4a - 3x) ldn nhat 

2a 

kh 3x = 4a - 3x hay x = —. 

3 

iB. do tit dien ABCD co AB = a, CD = 6. Doan IJ noi trung di&’m I ciia AB va 
tring diem J cua CD. Gia sit AB 1 CD, (a) la mtit phting qua M tren doan IJ 
vasong song voi AB va CD. 

a) Tim giao tuy&n cua (a.) voi mtit phdng (ICD). 


HINHHOC1 INC-53 




b) Xac dinh thiet dien cuaABCD v&i mat phdng fa). Chitng mirth thieft dien 

la hinh chit nhdt. 

c) Tinh dien tick hinh chit nhdt, biet IM = -IJ. 

3 


Htfdng dan : 


3 . 


a) X4c dinh (a) n (ICD) 


(a) n (ICD) co diem chung M v4 CD // (a) 
nen (a) cdt (ICD) theo giao tuyen Mt qua 
M v4 song song CD 

b) Goi E, F lan luftft giao diem cua Mt vdi 
Cl v4 DI. 

Qua E k4 NP // AB, qua F ke QR // AB. 


Thiet di^n 14 hinh chuf nhat 14 PQRN. 
Vi co NP// QR, PQ // NR v4 NP 1 PQ 
(do AB 1 CD). 


C ) SpQ RN - 


2ab 

IT 


A 



Cho tit dien d&u ABCD canh a, I la trung diem cua AC, J la mdt diem tren 
canh AD sao cho AJ = 2JD. M la mot di$m di d6ng trong ABCD, mdt phdng 
(MIJ) luon luon song song vdi AB. 


a) Tim tdp hap diim M 

b) Tinh dien ticli thi$t di&n cua tit di&n ABCD vdi mdt phdng (MIJ). 


Htfdng din : 

a) Goi L 14 trung di&n cua BC, K 14 diem tren BD sao cho BK = 2KD 
T§p hap di&n M 14 doan KL. 

b) Thi4't di$n cdn tim 14 hinh thang IJKL. 


A 
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Tile la : Neu liai mat phdng doi mot song 
song (P), (Q), (R) cdt hai ditdng thing a va a 
Idn luqt tai A, B, C va A', B\ C’ thi : 

AB BC CA 
~AB ~ We " C~A 


a / »a 



^2 ; A 3 


■ Dinh li 3 (Dinh li Ta-let dao) ' 

Gia sit tren hai duang thing cheo nhau a va a' Ian liCqt Idy cac diem 
A, By C va A', B', C' sao cho : 

AB BC CA 
A'B BC CA 

Khi do, ba duang thing AA\ BB‘, CC Idn luqt n&rn tren ba mdt 
phdng song song, tile la chung ciing song song vai mot mat phdng . 

5. Hinh ldng tru va hinh h 


Hinh hap bai cac hinh binh hanh A 1 A 2 A' 2 A’ l , A 2 A 3 A , 3 A' 2 > •••, 
AnAjA'jA ' n va hai da giac A J A 2 ...A n , A' 2 A' 2 ...A' n goi la hinh lang tru 
hodc lang tru, va ki hi&u la 
A 2 A 2 -..A n .A jA 2 ...A n . 

Neu day ciia hinh lang tru la tarn 
giac, til giac, ngu giac thi lang tru 
titang dng dilqc goi la Idng tru tarn giac, 

Idng tru tit giac, Idng tru ngu giac. 

Hinh Idng tru co day la hinh binh 
hanh duqc goi la hinh hop. 

6. Hinh chop cut : ? 

Cho hinh chop S.A jA 2 ...A n ; mdt mat phdng 

(P) khong qua dinh, song song vai mdt . — jh\\ - 7 

phdng day, cdt cac cqnh SA lf SA 2 , SA n / Al «\/ / 

Idn luqt tqiA' lt A' 2 ,A' n . Hinh tqo bai thiet /n / 

dien A'jA' 2 ---A' n va day AjA 2 ...A n cua hinh / L^\ \ 

chop ciing vai cac til giac A'jA'^^j, Al \ / \ 7 A 4 

A' 2 A , 3 A 3 A 2 ..., A , n A' 1 A 1 A n goi la mot hinh _ W 

chop cut, ki hieu la A' 2 A' n . AjA 2 ...A n . A 3 
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Day cua cua hinh chop goi la. day lan cila hinh chop cut , con thief 
dien A' ; A'o...A ' n goi la day nho ciia hinh chop cut. 

■ Tinh chat 

a) Hai day Id hai da giac co canh tuong itng song song va ti so cdc cap 
canh titcmg itng bdng nliau. 

b) Cdc mat ben la nhilng hinh thang. 

c) Cdc ditong thang chita cdc canh ben dong quy tqi mot diem. 


B. PHl/dNG PHAP GIAI BAl TAP 

■ Chufng minh hai mat phang song song 

Pa chihig minh mat phang nay chilfa hai 
duftng thang cat nhau lan ltfcft song song vdi 
ha dufdng thang cat nhau nam trong mat 
phlng kia. 

Tir do ta co phitcfng phap thuf hai de chufng 
minh dtrdng thang song song vdi mat phang la : 

( «) //( P) jj( . 

a c (p) 

Tnng cdc menh de sau, menh dd ndo dung ? 

a) Hai mat phdng phan bict ciing song song vdi mot ditdng thdng thi song 
song vdi nhau. 

b) Hai mdt phdng phan bict cung song song vdi mot mat phang thi song 
song vdi nhau. 

c) y&u hai nuft phdng song song thi moi ditdng thdng ndrn tren mot mdt 
phdng d&u song song vdi mat phdng con lai. 

d) Neu hai mat phdng song song thi nidi ditdng thdng ndm tren mat phdng 
nay deu song song vdi moi ditdng thdng ndm tren mat phdng kia. 

e) Ntu hai mat phan bict Idn htqt di qua hai ditdng thdng song song thi 
song song vdi nhau. 

f) V £u mot ditdng thdng cdt mot trong hai mat phdng song song thi cdt mat 
phdng con lai. 
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m 7 >* £bi 

a) Sai vi hai mat ph&ng c6 the cdt nhau theo giao tuyen song song vdi difcfrng 
th&ng da cho. 

b) Dung c) Dung d) Sai 

e) Sai vi c6 th£ hai mat ph&ng c&t nhau. 

f) Dung. 

30 . Trong cac mirth di sau, menh de nao dung? 

a) Hinh hdp la mot hinh lang tru. 

b) Hinh Idng tru co tdt ca cac canh song song. 

c) Hinh Idng tru co tdt ca cac mdt ben bdng nhau. 

d) Hinh lang tru co cac mat bin la hinh binh hanh. 

e) Hinh hop co cac mdt doi diin bdng nhau. 

m 7>a fyj 

a) Dung 

b) Sai vi canh day khong song song vdi canh ben 

c) Sai d) Dung e) Dung 

39 . Cho hai ditdng thing cheo nhau. Cluing minh ring co dung hai mat piling 
song song v&i nhau Idn liCqt di qua hai dilbng thing do. 

_ 

Goi hai dtfdng th&ng ch£o nhau la a va b. 

• Tren dtf&ng th&ng a ta lay di£m M, qua 
M ke difcfng th^ng b’ // b. 

• Tren dirfrng thang b ta lay diem N, qua 
N ta ke du&ng thang a’ // a. 

• Goi (a) = mp(a, b‘), (P) = mp(b, a ) thi 
(ot)//(P) 

• Ta chufng to cap mat ph^ng (a), (P) la duy nhat. That vay gia siir ton tai cap 
(a'), (P’) sao cho (a') chura a, (p*) chura b va (a') // (p ). Ta churng minh (a') = (a) 
va (p 1 ) — (p). 

- Do (a') va (a) cung chura a, nen neu (a') va (a) khong trung nhau thi 

(a') r (a) = a (1) 

- Do (a’) // (p') =>b//(a*) (2) 

- Do (a) // (p) =>b //(a) (3) 

TO (1), (2), (3) suy ra a // b, mau thuan gia thiet. 

Vay (a) = (a’), ttfcmg tif (p) s (P’) 

Do d6 cap mat phang (a), (p) duy nhat. 
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Sl<?. Cho hai dudng thing cheo nhau a vd b lin litqt ndm tren hai mat piling 
song song (P) vd (Q). Chilng minh ring next diem M khong ndm tren (P) va 
khdng nim tren (Q) thi duy nhat mot dudng thing di qua M cdt ca a vd b. 

Gia sir c = mp(M, a) n mp(M, b). Ta can chtfng minh c cdt ca a va b. 

Vi c va a cung ndm tren mpt mat phdng va khong 
the trung nhau (do c qua M va a khong di qua M) 
nen hoac c // a hoac c cdt a. Cung vay, hoac c // b 
hoac c cdt b. Khong the xay ra dong thdi c If a, 
c // b vi a va b cheo nhau. Vay neu c song song vdi 
a thi c phai cdt b, tufc la c qua mot didm cua 
mp(Q) vd song song vdi a, suy ra c phai thuoc 
mp(Q), vd do d6 M thuoc (Q) (trai gia thiet). 

Tircfng tii, khong the c6 c song song vdi b. Tom lai 
c phai cdt a va b. 

Ndu con co dudng thdng c' khac c di qua M, cdt ca a vd b thi a vd b dong 
phdng. Vo li. 

Trong mqt phdng (P) cho hinh binh hdnli ABCD. Qua A, B, C, D Idn luqt ve 
bon dudng thdng a, b } c, d doi mot song song vai nhau vd khong ndm tren (P). 
Mot mat phdng cdt a, 6, c, d Ian luqt tqi bon didmA', B', C\ D'. Clidng minh 
ring A'B'C'D' la hinh binh hanh. 

a//b 

Ta co : j AD//T3C (a,d)//(b,c) 

an AD * 0 

Tircfng tir (a, b) // (c, d) 

Vi hai mat phdng (a, b) va (c, d) song 
song nhau nen mp(A’B'C') cdt hai mat 
phdng ndy lan ltftft theo hai giao tuyen 
A’B’ va CD’ song song nhau. 

Ttfcfng tir A'D' // B'C' 

V$y A'B'C'D' la hinh binh hanh. 

Cho td dien ABCD. Goi M la trung diem cua AB. Hoi mdt phdng (P) qua 
M, song song vdi ca AD vd BC co di qua trung diem N cua CD khdng ? 
Tai sao ? 
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» 4m _ 

Gia suf (P) cdt BD, AC v& CD ldn lucft tai F, E, N 

Vi AD // (P) nen (P) cdt mp(ABD) theo giao tuyen 
MF // AD. 

Vi M \k trung diem cua AB nen F la trung diem 

cua BD. Vi BC // (P) nen (P) cdt mp(BCD) theo 

giao tuyen FN // BC. Vi F la trung diem cua BD 

nen N Ik trung diem cua CD. C 

3S. Cho hai diem M, N Idn luot thay doi tren hai mdt phdng song song (Pj) va 

IM 

(Q). Tim tap hop cdc diem I thuoc doan thdng MN sao cho -= k, k * 0 

IN 



cho tritac. 


GiiU 


Thudn. Gia suf M e (P), N e (Q) va diem I thuoc 

IM 

doan thdng MN sao cho — = k. Tren hai m&t 

IN 

phdng (P) va (Q), ta lan lifcrt lay hai diem co dinh 
M 0 va N 0 roi lfiy mpt diem I 0 thuoc doan thdng 

M 0 N 0 sao cho 


Ta co : 


IM 


N 0 Io 

I 0 M 0 


= k. Khi ay diem I 0 co dinh. 

IM IN IM + IN 



IN IoN 0 


(= k)=> 


MN 


IqMq IqNq IoMo+IqNo MqN, 


Ap dung dinh If Ta~let dao, ta suy ra difcmg thdng I 0 I thuoc mot mdt phdng 
(R) song song vdi (P) va (Q). Mdt phdng (R) co dinh vi no qua diem co dinh 
I 0 va song song vdi mdt phdng co dinh (P). Vay diem I thuoc mdt phdng (R) 
co dinh. 

Dao. Ngtfdc lai, lay mpt diem I' bat ki tren mdt phdng (R). Qua I' ta ke mot 
dirtmg thdng cdt hai mdt phdng (P) vd (Q) ldn lifcft tai M‘ \h N Xet hai cat 
tuyen M 0 N 0 , M'N’ va ba mat phdng song song (P), (Q), (R). Theo dinh If 
Ta-let ta co : 

I’M’ _ IN_ _ M'N' 

I 0 M 0 IoNo M 0 N 0 

Tif do ta suy ra I thupc doan thdng M'N’ va — — = = k. 

I N' I 0 N 0 

IM 

Ket luan. Tap hop diem I thuoc doan th&ng MN sao cho — - k 1& mdt 
phdng (R) n6i tr§n. 


60-HINHHOCl INC 






3b Che lung tru tam gidc ABC.A'B'C’. Goi H Id trung diem cua cqnh AB'. 

a) Cluing mink rdng ditdng thdng CB' song song vai nip(AHC). 

b) Vim giao tuyen d cua hai mat phdng (AB'C) va (A BC). Cluing minh 
“&ng d song song vai nip(BB'C'C). 

c) Xac dink thiet dien cua hinh lang tru ABC.A'B'C' khi cdt bai mpfH , d). 

a) Chifrig minh CB'//(AHC ) 

"a tim trong (AHC) mot direrng thdng 
song song vdri CB, muon vay la tim giao 
tuyen cua mot mat phdng chufa CB' vcii 
(AHC), do la (A'CB ). Goi O la giao diem 
AC va A C. AA'C’C la hinh binh hanh nen 
0 li trung diem cua A'C. 

Dodo HO la dufdng trung binh cua AA'B'C 

=> HO // BC => BC //(AHC). 

(vi HO c (AHC)) 

b) 'Tim giao tuyen d cua (AB’C') va (A BC). 

Gni O' la giao diem cua AB' va A’B thi O, O’ la 2 diem chung cua hai mat 

phing (AB'C) va (ABC) nen : (ABC ) n (A BC) = 00’ 

Va 7 d = OO'. Ta co O' la trung diem cua AB' (vi AA'B'B la hinh binh hanh). 

:=> OO' la dudng trung binh cua AAB'C 

r^> 00’ // B C’ // BC => OO' // (BB'C'C) => d // (BB'CC) 

c) Goi (K) = HO' n AB thi HK // AA’ 

Qua O ke ML // AA’ (M e A'C, L e AC). Thiet dien can tim la hinh binh 
h&ih HKLM. 

37. Ch) hinh hop ABCD.A 'B C'D'. 

a) Cluing minh rdng mp(BDA') / / mp(B'D'C). 

b) Cluing minh duong cheo AC di qua cac trong tarn G } , G 2 cua hai tam 
liac BDA’ va B'D'C. 

c) Cluing minh rang G } va G 2 chi a doqn AC thdnh ba phdn bang nhau. 

d) Cluing minh cac trung diem cua sau cqnh BC, CD, DD', D'A’, A'B', B'B 
:ung ndm trSn mot mat phdng. 

a) iJhumg minh (BDA') // (B'D'C) 

Ta co tur giac BB'D’D va A'B’CD la cac hinh binh hanh nen : 
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BD // B’D va DA' // B’C => hai mat phang (BDA’) va (B D C) c6 cdc cap diudng 
th^ng c£t nhau va song song nhau ttag doi mot nen chung song song . 

V$y (BDA’) // (B’D’C) 
b) Chufng minh G lt G 2 € AC’ 

Goi O, O’ ldn lirot la tam cua hinh binh hdnh ABCD va A’B’C’D'. 

Trong mat phang (AA'C’C) goi G 1} G 2 lan 
luot la giao diem cua AC' vdi A'O va 0 C. Ta 
chufng minh G x , G 2 lan luot la trong tam cua 
AA BD va ACB’D’ 


That vay, ta co AG^A co aGjA’C’ 
(vi AC // A'C’) 

GiO OA _ 1 _ A’Gx _ 2 

__ w —— -- 


1 A Gi 

GiA’ A C’ ~2^ A’O 



G x la trong tam AA'BD 
Tuong tu G 2 la trpng tam cua ACB'D'. Vay AC' di qua Gj, G 2 
c) Chufng minh AG! = G!G 2 = G 2 C’ 

Theo cau tren ta c6 : 

AG 


Tuong tu : 


L = A2. = 1 (vi aG,OA co aGjA'C') => AG, = ^AC (1) 
GjC' AC' 2 1 1 1 3 

O C C O’ 1 1 

1— = - (vi AGoC'O' co aGoAC) C'Go = -AC’ (2) 
G 2 A CA 2 3 


Ta (1) va (2) suy ra AG! =G!G 2 = G 2 C' 

d) Goi M, N, P, Q, S, R lan luot la trung di§m cua cac canh AB, AD, DD’, 
C'D', C'B', B’B 

1 MN / /BD __ MN /gp Goi ( } _ (MN S P) a 
SP//BD 

M, 


Ta c6 


Ta c6 


PQ//DC' 


,=> PQ//MS (vi DC' //AB') 


MS//AB 

V. 

PQ c (a) do d6 Q e (a) 

Tuong tu QR // MN QR c (a) do do R e (a) 
V§y M, N, P, Q, R, S e (a) 

Mat khac vi 


MS//AB nen(MNPQRS)//(AB'D') t 
NP//AD' B 



30. Chitng minh rdng tong binh phiXong tat ca cac diiang cheo cua mdt hinh hdp 
bdng t6ng binh phitang tat ca cac canh cua hinh hop do. 
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Ap dung tinh chat "Trong mot hinh binh 
hhr.h, tong binh phufcfng hai dtfcfng cheo 
b&r.g tong binh phiicfng bon canh’. 

Da: AB = a, BC = b, AA' = c (do la 3 kich 
thudc cua hinh hop). 

Trcng hinh binh hknh ABC'D’ ta co : 

AC ,2 + BD' 2 = 2(a 2 + BC’ 2 ) (1) 

Trcng hinh binh hhnh A’B'CD ta co : 

A'C 2 + B’D 2 = 2(a 2 + B’C 2 ) (2) 

Cong (1) xh (2) ta dirpc : 

AC' 2 + BD' 2 + A'C 2 + B'D 2 = 2(2a 2 + BC’ 2 + B’C 2 ) (3) 

M&: khhc trong hinh binh h&nh BB’C'C ta co : 

BC’ 2 4- B’C 2 = 2(b 2 4- c 2 ) (4) 

Thay (4) xko (3) ta dime : 

AC’ 2 4- BD ,2 + A’C 2 + B’D 2 = 4(a 2 + b 2 + c 2 ) (dpcm) 

39- Che hinh chop cut ABC.A B'C' co day Ion ABC vd ede canh ben AA', BB', CC\ 
Got M, N, P Ian htgt la trung diem cua cac canh AB, BC, CA vd M\ N', P' 
Idn loot la trung diem cua cac canh AB', B'C', C'A'. Chitng minh 
MKP.M'N'P' la hinh chop cut. 

9 

Goi S Ih giao diem cac canh ben AA, BB', CC’ 
cua hinh ch6p cut. 

Do A’B’ // AB v& M’, M lan luftft la trung di£m 
cua A B', AB nen MM’ di qua S. Timng tu NN', 

PP ciing di qua S. 

Vat MM', NN, PP' ddng quy tai S. 

Ta c6 (M’N'P') // (MNP) nen MNP.M N'P Ik 
hinh ch6p cut. 

c.bAitAplAmthem 

f. Che hinh Idng tru tarn giac ABC.ABC'. 

a) Goi I, K, G Idn htqt la trong tarn cac tam giac ABC, A B'C', ACC. Chitng 
ninh rdng (IGK) // (BB'C'C) vd (A'KG) II (AIB') 
h) Goi M, N lan htqt la trung diem cua BB' vd CC'. Hay dung diidng thing 
]ua trong tam tam giac ABC cdt AB' vd MN. 


s 



A D 
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B. 


Hu'dfng dan : 

a) Tur gi&c AA'KI la hinh binh hanh 
=* IK // AA’ => IK 11 BB’. 

Goi E la trung diem cua AC. Xet AEBC co : 
IE 


— = — = - => IG // BC' 

EB EC 3 


Tir : 


j IK//BB' 
| IG/ /BC' 


^ (IGK)//(BB'C'C) 



b) Bifcfng th&ng can tim la giao tuyen cua (IAB ) va (IMN). 

Goi H la giao diem cua BC va AI, B H c&t MN tai O thi 10 la di/cmg th&ng 
can ditag. 

Cho Idng tru tarn giac ABC.ABC '. M, N Ian heat la trung diem cua BC va 
CC\ P la diem doi xi/ng cua C qua A. 

a) Xac dinh thief dien ciia lang tru vai mat phdng (A'MN). Tinh ti so ma 
thiet dien chia canh AB. 

b) Xac dinh thi&t dien cua lang tru vai mat phdng (MNP). Tinh ti s6 ma 
thiet dien chia canh AA' va AB. 

Hifdng dan : 


a) Tur giac A'KMN la thiet dien can tim. C la trung diem AE. Ke Cl // ABthi 

1 AK 

Cl = KB v& Cl = -AK AK = 2KB. Vay — = 2 

2 KB 



B' 


a. 


Cho hinh Idp phiiang ABCD.A'B'C'D' canh a. Goi M, N Idn heat la trung 
diem cua AB, B'C' va DA '. 


a) Cluing mink (MNP) song song vai cac mat phdng (AB'D') va (BDCk 

b) Xac dinh thiet dien cua hinh Idp pliuang vai mdt phdng (MNP) 1 , tiiet 
dien Id hinh gi? Tinh dien tich cua no. 


Dap so* : b) Thiet, dien \k hinh luc giac deu canh 


av'2 

2 
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§5. PHEP CHIEU SONG SONG 


a. t6m tAt giao khoa 


l. Dinh nghla phep chieu song song : 

Clio d n a = IDI va M trong khong gian. 

Qua M dung dubng thdng d' It d cdt a tai AT. 

Qui tdc tkuc hien tit mot diem M tlm ditqc M'ea goi la phep chieu 
song song len mat phang a theo phvtong cua dtfifng thdng d . 

a : mat chieu 
d : phuang chieu 

M' : hinh chieu cua M len a theo phuang chieu d. 



i T»nh chat : 

■ Tinh chdt 1 

Hinh chieu song song cua mot ditang thdng la mdt ditbng thdng. 

• //£ qua 

Hinh chieu song song cua mot doan thdng Id mot doan thdng, cua 
mdt tia la mdt tia. 

■ Tinh chdt 2 

Hinh chieu song song cua hai dUang thdng song song la hai dubng 
thdng song song hodc trung nhau. 

■ Tinh chdt 3 

Phep chidu song song khong lam thay doi ti so cua hai doan thdng 
ndm tren hai dubng thdng song song (hodc trung nhau). 
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3. Hinh bieu diln cua mQt hinh khong gian : 

■ Dinh nghia 

Hinh bieu dikn cua mot hinh Strong khong gian la hinh chieu son^g 
song cua hinh M'tr&n mdt mdt phang hodc hinh dong dang vdi hinlh 
chieu do. 

■ Hinh bii°u dien cua mQt diidng tron 

Hinh chi$u song song cua mot diidng tron la mot elip hoac mort 
diidng tron, hodc ddc biet co the la mot doan thdng. 


B. PHUdNG PHAP GIAI BAl TAP 

Trong cac menh sau, menh d£ nao dung? 

a) Hinh chieu song song cua hai diidng thang cheo nhau co the tning nhaiu. 

b) Hinh chieu song song cua hai diidng thang cheo nhau thi cdt nhau. 

c) Hinh chieu song song cua hai diidng thang cheo nhau co the song song 
vdi nhau. 

d) Hinh chieu song song cua hai diidng thdng cheo nhau co the cdt nhau, 
trung nhau, song song vdi nhau. 

, 7W 

a) Sai vi neu hinh chieu song song cua hai 
difcfng th&ng m& trung nhau thi hai 
dtrcmg thdng do cung thupc 1 mat phdng. 

b) Sai vi hinh chieu song song cua hai ditfmg 
thing cheo nhau co th£ song song vdi nhau. 

c) Dung. 

d) Sai. 

W. Trong cac m&nh di sau, menh d$ nao dung? 

a) Hinh chidu song song cua hai diidng thdng cdt nhau co the song song vdi nhau 

b) Hinh chieu song song cua hai diidng thdng cdt nhau co the cdt nhau. 

c) Hinh chieu song song cua hai diidng thdng cdt nhau co the trung nhau. 

d) Mdt diidng thdng cd the song song vdi hinh chieu song song vcn no. 

e) Mdt diidng thdng ludn cdt hinh chieu song song cua no. 

f) Mot diidng thdng cd the trung vdi hinh chieu song song cua no. 
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# 7 >* 

a) Sai b) Dung c) Dung 

d) Dung e) Sai f) Dung 

*i£ Tam giac ABC co hinh chieu song song la tarn giac A'B'C'. Cluing mirth 
rd ng trong tarn tarn giac ABC co hinh chieu song song la trong tarn tam giac 


A'B'C'. 

GruU 

Goi G la trong tam AABC, M la trung diim BC 
G\ M’ la hinh chieu song song cua Gva M. 


Ta co M’ la trung diem B C' va 


A’ G' AG 
G'M' ~ GM 


= 2 


G la trong tam AA’B'C'. 



Ve hinh bicu dien cua mot tit dien va trong tam cua no. 


# 7V<? 

Hinh bieu diin cua mot tuf dien la tuf giac ABCD. 

Lay M va N lAn ltfot la trung diem AB va CD thi 
trung diem G cua MN se bieu diin cho trong tam cua 
tuf dipn. 

* 1*1 Ve hinh bicu didn cua mot tam giac noi tiep trong 
mot ditdng iron. 


A 







Hinh thdt 

Ve elip tam O 1& hinh biiu diin cua duftng tron da cho. Lay B va C 1& hai 
diem tren elip sao cho B, O, C th&ng hang va mot diem A thuoc elip sao cho 
A khac B v& C. Khi do, tam giac ABC la hinh bieu diin cua mpt tam giac 
vuong nQi tiep trong mot dircmg tron. 
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W. Ve hinh bi$u diln cua mdt hinh vudng noi tii'p trong mot dUang trdn. 

# 7 >i £<& 

Theo b&i 44, ve tam giac ABC Ih hinh bieu 
diin cua m§t tam gi&c vuong noi tiep trong 
mQt dtf&ng tr6n. Qua O ta ke hai d&y ME 
v& NF cua elip lin lurgt song song vdi AC va 
AB. Khi do td giac MNEF la hinh bieu diin 
cua mQt hinh vuong noi tiep trong mpt 
difdng trbn. 

*f&. Ve hinh bieu diln cua mdt luc giac diu. 

Xit hinh luc gidc deu ABCDEF, ta nhan thiy : 

• Td gidc OABC 1& hinh thoi. 

• Cdc diem D, E, F lin lucrt la cic diem doi xdng cua cic diem A, B, C qua 
tam O. 


N 





Tdd6 ta suy ra cich ve hinh biiu dien cua luc gidc diu ABCDEF nhuf sai: 

• Ve hinh binh h&nh OABC’ bieu dien cho hinh thoi OABC. 

• Liy cdc diem D’, E', F* lin ltfgt doi xdng vdi cic diem A', B\ C' qua O, ta 
dugc hinh biiu diin A’B’C’D'E’F' cua hinh luc giic diu ABCDEF. 

*n. Cho hinh hdp ABCD.AjBjCjDj. Tim diim l tren ducmg cheo B t D va diin J 

tr&n dieting cheo AC sao cho IJ / / BCj . Tinh ti so ——. 

IB\ 

+ _ 

Gia suf ta tim dirge I e B X D, J e AC sao cho IJ // BCj. Xit ph6p chieu sing 
song theo phircfng BCj l&n mp(ABCD). Khi do hinh chieu ciia cac diem D, I B x 
lin lugt la D, J vh B\. Do D, I, B { thing hing nen D, J, B^ thing h&ng. Y ay 
J chlnh 1& giao diim cua hai dtfcmg thing B\D vh AC. Tir d6 ta c6 the im 
I, J nhu sau : 
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Dtfng B'j Id hinh chieu qua phdp 
chieu song song d tren (BCjBiB'j Id 
hinh binh hdnh). 

Dirng J 1 k giao diem cua B X D vdi AC. 
Trong mpCBjB^D) ke JI song song vdi 
BjB'j cit BjD tai I. 


Bi Ci 



Ro rang I v4 J thoa man dieu ki£n cua bdi todn. 


De thay B' x thupc dtfdng thing BC vd AD 


-B\C. 

2 


TCr d6 suy ra : 


ID 


ID 

JB’x 


AD 
B 1 ! C 


= Vay ta c6 : 


ID 

IB: 


1 

2 


On tap CHifdNG ii 

f. Trong cac menh dd sau, minh di nao dung? 

a) Hai dudng thing cheo nhau thi khong co diem chung. 

b) Hai dudng thing khong co diim chung thi cheo nhau. 

c) Hai dudng thing cheo nhau thi khdng cung thudc mdt m$t phdng. 

d) Hai dudng thing khdng song song thi cheo nhau. 

a) Dung b) Sai : co th$ a // b 

c) Dung d) Sai : cd the a cit b. 

Sf. Trong cac minh di sau, menh de nao dung? 

a) Hai dudng thing phdn biit cung song song vdi mdt mdt phing thi song 
song vdi nhau. 

b) Hai mdt phdng phdn biet cung song song vdi mdt dudng thing thi song 
song vdi nhau. 

c) Hai mdt phing phdn biet khdng song song thi cit nhau. 

d) Hai mat phing phdn biet cung song song vdi mdt phing thii ba thi song 
song vdi nhau. 

e) Mot dudng thing cit mdt trong hai dudng thing song song thi cit dudng 

thing con lai. 

f) Mdt mdt phing cit mdt trong hai dudng thing song song thi cit dudng 

thing cdn lai. 

g) Mdt dudng thing cit mdt trong hai mdt phing song song thi cit mdt 
phdng con lai. 
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a) Sai : c6 the a c£t b ho&c a ch6o b. 

b) Sai : c6 thi (a) v& (p) cdt nhau. 

c) Dung d) Dung. 

e) Sai : c6 the c£t difdng thuf nhat nhifng cheo nhau vdi dufdng thd hai.. 
0 Dung " g) Dung. 

3. Trong cac hinh sau, hinh nao la hinh bieu diin cua mdt tit dien? 





C 

e) f) g) h) 


Cdc hinh a, b, d, f, g, h 

*i. Cho hai hinh binh hanh ABCD va ABEF ndrn trong hai mdt phang khac 
nhau. Ldy cac diem M, N Idn luqt tliudc cac diXdng cheo AC, BF sao cho 
MC = 2AM; NF = 2BN. Qua M, N ke cac ditang tliang song song vai AB cat 
cac canh AD, AF Idn luqt tai M h N 2 . Chdng minh rdng : 

a) MN // DE ; 

b) M 1 N 1 / / mp(DEF) ; 

c) mp(MNN 2 M 2 ) / / mp(DEF). 


» && _ 

a) Goi O \h tam cua hinh binh h&nh ABCD, ta 

; AA ,, 4 „ s AM 2AM 2 

c6 AO la trung tuyen va-=-= — 

AO AC 3 

M Ik trong tam cua tam gidc ABD, tifcfng 
tif N Ik trong tam tam gidc ABE. 

Goi 1 Ik trung diem cua AB thi M, N lan lirot 
tren DI v& EL 
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Trong tain giac IDE ta co : 


IM IN 1 


ID IE 3 


nen MN // DE va MN = -DE. 

3 


b) Trong AFAB : NN, // AB 


Trong ADAB : MM! // AB 


AN! BN 
AF “ BF 
AMj DM 
AD ~ DI 


Do d6 


AN, AM, 


AF AD 


nen MjN, // DF 


1 

"3 

1 

3 


Ma DF c (DEF) suy ra M,N, // mp(DEF) 
c) Ta co M,N,//DF, NN X // EF 

Ma M,N, va NN, cdt nhau va nhm trong mplMNNjM,), con DF va EF 
cat nhau va nSm trong mp(DEF) 

Vay mpCMNNjM,) // mp(DEF) 

S. Cho hinh Idng tru tarn giac ABC.A'B'C'. Goi G, G' Ida lilqt la trong t&m cua 
tarn giac ABC vaA'B’C’. Mot mat phdng (a) cdt cac canh AA', BB', CC', GG' 
Idn litat tai AB v C 2 va G t . Chu:ng mink rdng : 

a) GG’ song song va bdng canh ben cua hinh Idng tru ; 

b) Gj la trong t&m cua tarn giac A } B t C t ; 

c) GjG' = 4a,A' + BjB' + C,C'); G 2 G = 4A,A + B 2 B + C,C). 

3 3 


a) Gpi I, I’ l&n hiat la trung diem cua cac 
canh BC, B C thi ro rang II* song song 
va bang AA’ nen tuf giac AH A la hinh 
binh hanh, do do AI song song va 
b^ng AT. 

Ta cung co AG = -AI, A’G’ = -AT, mh 
3 3 

AI = AT suy ra AG song song va bang 
AG’. 


Vay tuf giac AGG’A’ la hinh binh hanh. 
Do do, GG’ song song va bang AA’. 


A c 



b) B l C l c£t II tai l l thi I x la trung di4m cua B^j. 
Vi G t thuQc A x li va AA X H GG X // IIj nen : 

GjAi GA 2 


A^! AI 3 


Vay G! la trong tarn tam giac A 1 B 1 C 1 . 


HINHHOCllNC-71 







c) Xdt hinh binh hdnh AH A'. Goi L, L’ lan luTcrt la trung diem cua AG vd 
A'G', L x Id giao diem cua LL’ va Ajlj. Khi do L x Id trung diem cua A^Gj. 
Theo dinh 11 v4 durdng trung binh cua hinh thang, ta co : 

2G!G' = LjL' + Ijl' = i(A 1 A' + GjG') + IJ'. 

2 

Suy ra G^' = t(AjA' + 2IJI’) 

3 

Mat khdc 2I 2 r = BjB’ + CjC’. 

Vfiy GjG’ = -(AjA' + BjB' + C X C'). 

3 


Chtfng minh ttfcfng tuf, ta c6 : GjG = AA X A + B X B + CjC). 

3 


6 . Cho hinh hop ABCD.A B C DVe thiet dien cua hinh hdp tqo bed mat 
phdng di qua hai trung diSm M, N cua cac canh AB, AD va tdm O cua mat 
CDD'C'. 


# MU 

Goi I va J ldn lifct la ede giao diem cua 
dirdng th&ng MN vdi BC va CD. Goi P, Q 
l4n luert la cac giao diem cua dtfdng th&ng 
JO vdi ede canh DD', CC\ Gpi R la giao 
cua BB' va dtfcrng th&ng IQ. Ta co : 

(MNO) n (ABCD) = MN 
(MNO) n (CDD'C 1 ) = PQ 
(MNO) n (ADD'A') = NP 

(MNO) n (BCC'B') = RQ j 

(MNO) n (ABB A') = MR. 

Vdy thi£t di$n c&n tim Id ngu gidc MNPQR. 

7. Cho hinh hdp ABCD.A'B’C'D'. Tr&n ba canh AB, DD’, C'B' Idn Itiat ddy ba 

... . .. , ., t , AM D'N B'P 

di$m M, N. P khong trung vdi cac dinh sao cho ---=-. 

* AB DD BC 

a) Chilng minh rdng mp(MNP) va mp(AB'D’) song song vdi nhau. 

b) Xdc dinh thi&t di&n cua hinh hdp khi cdt bdi mp(MNP). 



a) Kd ME song song vdi AB' (E e BB'), (1) 


Ta cd 


B'E AM _ B E 
B B ’ AB ^ B B 


= => EP // BC' => EP // AD' (2) 

B'C’ 


TCf (1) va (2) suy ra (MEP) // (AB'D'). (3) 
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Ho r&ng D’N = B E nen EN // B'D'. 

Ma B'D’ c (AB'D') vaE e (MEP) nen tif (3) 
suy ra EN c (MEP), tufc (MNP) chinh \k 
(MEP). V£y (MNP) // (AB’D'). 

b) TO M kd ME song song vdri AB', tu’ P ke PF 
song song vdi B'D'. TO N ke NK song song 
vdi AD' cat AD tai K. Thiet dien la luc 
gidc MEPFNK cd cdc canh doi song song. 



Cho hai tia Ax va By ndm tren hai diibng thing cheo nhau. M6t diSm M chay 
tren Ax va mot diem N chay tren By sao cho AM = kBN (k > 0 cho trudc). 
a) Chitng minli ring MN song song vdi mot m$t phdng co dinh . 


b) Tim tdp hop cac diim I thudc doan MN sao cho IM = kIN. 


a) Ditag tia Bz song song vh cung hifdng vdi tia Ax. Tren cdc tia Ax, By vh Bz lan 
litat lay cdc didm co dinh Mo, N 0 va M 0 sao cho = k va BM 0 = AMq. 

bn 0 

Khi do ta co : M 0 M 0 // AB vk = k (1) M * 

BN ° A_-7" 

Lay diem M’ thupc tia Bz sao cho BM’ = AM. / / 

BM’ / / z 

Khi d6 ta cd MM' // AB va — = k (2) / 

BN B /s' M 

TCf (1) v& (2) ta c6 MM’//M 0 M 0 (3) 

..a BM’ BM' 0 _ 


TO (4) suy ra NM’ // N 0 M' 0 . (5) 

TO (3) vh (5) suy ra mp(MNM') // mp(M 0 N 0 M' 0 ). V$y MN luon song song 
vdi mat ph&ng co dinh (MqNoM'o). 

b) Thudn. Goi 0 Ih m§t diem thupc doan th&ng AB sao cho OA : OB = k. TO 
O ta ve hai tia Ox’ v& Oy' sao cho Ox' // Ax, Oy' // By. Xdt phdp chi£u song 
song theo phi/cmg AB len mp(Ox', Oy ). Goi M', N' l4n litat hinh chidu 
cua M v& N theo phdp chi£u nky. Khi d6 giao di£m cua MN M'N’ chinh 
Ik diem I vi r5 r&ng ta cd : 

iM = MM_0A_ k r ^ /: 

IN”N’N OB . LL .* 

Trong tarn gidc M'ON\ ta c6 : 0 -—- 

IM' . OM’ AM . 



HlNHHQCllNC-73 





V§y 


IM’ 

IN’ 


OM' 

ON’ 


k Td d6 suy ra I phai n&m tpn tia phan giac Ot cua g6c x'Oy. 


Dao. Gia suf I la mot diem bat ki thuoc tia phan giac Ot cua goc x'Oy’. Goi 

M', N* Id nhufng didm lan litot thuoc tia Ox', tia Oy' sao cho M', I, N' thdng 
IM' 

hang vd -= k(c6 the tim M\ N’ bdng each dung phep vi tu taim I ti so' -k 

IN 1 


tren mp(Ox'y')). Goi M, N lan li/crt la nhufng diem thuoc cac tia Ax, By sao 
cho AM = OM', BN = ON'. De thay I, M, N thdng hdng va IM IN = k. 


Ket ludn. Tap hdp ede diem I thoa man dieu kien bdi todn la tia phdn giac 
Ot cua g6c x’Oy'. 

CAU HOI TRAC NGHl£M 


I. Cho til dien ABCD . Goi M, N Idn litgt la trung diim cua cac canh AD va BC; 
G Id trong tdm tam giac BCD. Khi ay f giao diem cua dudng thdng MG va 
mp(ABC) la : 

(A) Diim C; 

(B) Giao diim cua dudng thdng MG va dudng thdng AN; 

(C) Diim N; 

(D) Giao diim cua dudng thdng MG va dudng thdng BC. 

NA vd MG cung thupc mdt 
ph&ng (AND) va khong song 
song nhau nen cdt nhau tai I 
thi I = MG n (ABC). Chon (B). 



B. Cho til dttn ABCD va ba diim E , F, G Idn luat ndm tren cac canh AB AC, 
AD ma khdng trung vai cac dlnh. Thiit dien cua hinh til dien ABCD khi 
cdt bdi mp(EFG) la : 

(A) Mdt doan thdng ; (B) Mdt tam giac ; 

(C) Mdt til giac ; (D) Mdt ngu giac. 


, 7>« 

Thiet di$n cua tuf di$n 
ABCD khi cdt bdi mp(EFG) 
Id tam gidc EFG. Chon (B). 


A 
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3. Clio tit dien ABCD va ba diem I, J, K Idn litqt mini tren ba canh AB, BC, CD 
md khdng triing vai cac dinh . Thiet dien cua /link tic dien ABCD khi cdt bai 
rnp(IJK) Id : 

(A) Mot tarn giac ; (B) Mot tit giac; 

(C) Mot 1link thang ; (D) Mot ngu giac. 


9 7W fa 

* Neu JK // BD thi BD // (IJK) nen (IJK) n (ABD) = IL // BD. Thiet dien la 

hinh thang IJKL. 

* Neu JK n BD = 0, L = 10 n AD thi thiet dien 1& td gidc IJKL. Chon (B) 

A A 




H. Clio liinli chop S.ABCD. Goi AC n BD = I, AB n CD = J, AD n BC - K. 
Dang thdc nao sai trong cac ddng thiCc sau day? 

(A) (SAC) n (SBD) = SI; (B) (SAB) n (SCO) = SJ ; 

(C) (SAD) n (SBC) = SK ; (D) (SAC) n (SAD) = AB. 


9 7 >« Cte 

(SAC) (SAD) = SA. Chon (D). A 

J 

B. Clio hinh chdp S.ABCD. Mot mqt. phang khdng di qua dinh nao cua hinh 
chop cdt cac canh SA, SB, SC, SD Idn luqt tai A', B', C', D\ Goi O la giao 
diim cua AC va BD. Tim menli de dung trong cac m$nh di sau ddy. 

(A) Cac diCong thing A'C', B D', SO doi mdt cheo nhau; 

(B) Cac ditdng thing A'C', B'D', SO dong piling; 

(C) Cac ditdng thing A'C', B'D', SO dong quy; 

(D) Hai ditdng thing A'C' va B'D' cdt nhau con hai ditdng thing A'C' va SO 
clieo nhau. 
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9 Tfii£k 

Ta c6 A’C' c mp(SAC) 

B'D' c mp(SBD) 
vk (SAC) n (SBD) = SO 
Goi I = A’C' n B'D' 

thi I e SO do d6 A’C', B'D’, SO dong quy. 

Chon (C). 

6 . Cho tit diin ABCD. Goi G vd E Idn lilgt la trong tdm cua tam giac AB*C vd 
ABD. Mink di nao dudi ddy dung? 

(A) Dittmg thing GE song song vdi dutmg thing CD; 

(B) Biting thing GE cit dutmg thing CD; 

(C) Hai dutmg thing GE vd CD cheo nhau; 

(D) Dutmg thing GE cdt dutmg thing AD. 

. Tra 

Goi M lh trung diem AB 


Trong AMCD ta cd : 
MG 
MC 


- A (tinh chfit trong tam) 
MD 3 



GE // CD. Chon (A) 

7. Cho tit diin ABCD. Goi M, K Idn luat Id trung diem cua BC va AC, N la 
diim trin canh BD sao cho BN = 2ND. Ggi F la giao diim cua AD vd 
mp(MNK). Trong cac menh de sau ddy, menh di nao dung? 

(A) AF = FD ; (B) AF = 2FD ; 

(C) AF = 3FD ; (D) FD = 2AF. 

Goi I = MN n CD F = KI n AD = AD n (MNK) 

K£ DL // BC (L e MI) A 

DL DN 1 m 1_ M 

BM BN 2 2 

=> D Ik trung diim Cl 
Tif d6 suy ra F 16 trong tfim AACI 
n§n AF = 2 FD. 

Chon (B). 

B. Cho tit diin diu ABCD cd canh bdng a. Ggi G la trong tdm tam gidc ABC. 
Cdt tU diin bdi mp(GCD) thi diin tich cua thii't diin la : 
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(A) 



(B) 


a 2 42 
4 ’ 


(C) 


a‘ 


'42 


6 


(D) 


a 2 >/5 

4~' 


Goi I l& trung diem cua AB. Thiet di$n cAn tim la ACID. 
Goi J Id trung diem CD 
ACID can nen IJ 1 CD. 


=> S ICD = -IJ.CD 
Ta c6 IJ 2 = Cl 2 - CJ 2 = 


aV3 

2 


\2 


a" 


^IJ = f^^S ICD = ~.— 
2 ICD 2 2 


.a = 


a x 


a 2 42 



--> 0 


. Chon (B). 


Q. Cho hinh chop S.ABCD co day la liinh binlx hanli. Goi I, J Idn luqt la trung 
diem cua AB ua CB. Khi dy, giao tuyen cua hai rndt phdng (SAB) ua (SCD) 
la duang song song vdi : 

(A) Duang thing AD ; (B) Duang thing BJ ; 

(C) Dudng thing B1; (D) Duang thing IJ. 


Ta c6 AB // CD nen giao 
tuyen cua (SAB) wd (SCD) Id 
di/cmg th&ng di qua S vd song 
song vdi AB. 

Chon (C). 


S 



i0. Cho hinh chop S.ABCD co day la mdt hinh binh hanh. Goi A\ B\ C, D ' Idn 
luqt Id trung diim cua cac cqnh SA, SB, SC va SD. Tim menh di dung 
trong cac menh di sau ddy : 


(A) A B' / / mp(SAD) ; (B) A'C ' / / mp(SBD) ; 

(C) mp(A’CD') / / mp(ABC) ; (D) A'C / / BD. 


m T>4 Gn 

Ta c6 A B' // AB, B'C // BC 
=> (ABCD) // (A'B'C D') 
=> (A'C'D') // (ABC). 
Ch<?n (C). 


S 
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If. 


Cho til dien ABCD co earth bdng a, diem M tren earth AB sao cho AM — m 
(0 < m < a). Khi do, dien tick thiet dien cua hinh tit dien khi cdt bdi rmtlt 
phdng qua M va song song u&i mp(ACD) la : 


(A) 


m 


2 S 


(B) 


(a - m) 2 42 


4 ' 2 

7 >* £bi 

Ve MN // AC (N e BC) 

MP // AD (P e BD) 

Thiet di§n can tim la AMNP 

Ta c6 AMNP cn aACD ti so — 

AD 


(C) 


(a + m) 2 >[3 


(D) 


(a - m) 2 V5 


/ 

' a-m' 


5 mnp - 


a 


.s 


ABC ~ 


'a-m 
, a 


a 


BM 

AB 

; V3 


a - m 
a 


= (a - m) 2 —. Chon (D). 



- ---->D 


fj?. Cho hinh chop S.ABCD co day la hinh binh hanh. Mdt mdt phdng (P) song 
song vdi AC va SB Idn lilqt cdt cac canh SA, AB, BC, SC, SD, BD tai M, N, 
E, F, I, J. Trong cac menh di sau day, menh di nao dung? 

(A) B6n dildng thing MN, EF, Id, SB ddi mot song song; 

(B) Bin dildng thing MN, EF, IJ, SB dSng quy; $ 

(C) Bon dildng thing MN, EF, IJ, SB dong phdng; 

(D) Ca ba m$nh de tr$n deu sai. 

0 7>* 

(P) // AC vd (P) //SB nen (P) cdt cac 
mp(ASB), (SBC), (SBD) theo ede giao 
tuySn MN // EF // IJ // SB. Chon (A). 



c. bAi tAp lAm th£m On CHUtiNG II 

Cho hinh chop S.ABCD, O Id mdt diim bin trong tam giac ABC . Qua O ve 
nhUng dildng thing Idn lilqt song song vdi SA, SB, SC cdt cac mdt SBC, 
SCA, SAB theo thd til A', B', C\ 

a) Chi each dilng cac di&m A', B', C'. 

OA' OB' OC' 

b) Chilng minh ring: -+-+- co gia tri khdng d6i khi O di ddng 

SA SB SC 

trong tam giac ABC. 

c) Binh O di OA'.OB'.OC' co gia tri Idn nhdt. 

Hufdfng dSn : a) Chtfng minh AO, SA', BC dong quy. 

b) Ap dung bit ddng thtfc Cosi cho ba so c6 tong b&ng 1. 
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i?. Cho til dien ABCD co AB = 2a, tarn gidc BCD vuong tai C co BD = 2a, BC = a. 
Goi E la trung diem cua BD. Biet goc giuta AB va CD la 60°. 

a) Tinh 2AC 2 - AD 2 theo a. 

b) fa) Id mat phdng song song vai AB va CE, cdt cac canh BC, BD, AE, AC 
theo thii tu tai M, N, P, Q. Tinh dien tich til gidc MNPQ theo a va x = BM 
(0 < x < a). Dinh x de dien tich lan nhdt. 

c) Dinh x de tong cdc binh phuang cua cac dudng cheo cua MNPQ la nhd nhdt. 

d) Goi O la gicio diem cua MP va NQ. Dinh a de 0J$ + OjB 2 + OC 2 + OD 2 nhd nhdt 

Htfdfng dan : 

a) Goi F la trung diem cua AD. Xet CEF = 60°, CEF = 120° 

2AC 2 - AD 2 = 6a 2 ho^c -2a 2 

b) S = x(a - x)—; x = 

2 2 

c) X = | 

cl) OA 2 + OB 2 + OC 2 + OD 2 = 40G 2 + GA 2 + GB 2 + GC 2 + GD 2 


0 di dong tren doan IJ. Noi trung diem cua AB v& cua CE. Tong nho nhat 
khi 0 1& hinh chieu cua G len IJ (G la trong tarn tuf di§n ABCD). 

3 . Cho hinh chop S.ABCD. Til gidc day co AB va CD cdt nhau tai E, AD va BC 
cdt nhau tai. F. AC va BD cdt nhau tai G. (a) la mat phang cdt SA, SB, SC 
Idn luat tai A', B\ C\ 


a) Tim giao diem D' cua SD vai (a). 

b) Tim didu kien cua (a) de A B C D ' la hinh binh hanh. 


Chilng rninh rdng khi do : 


SA ' 
SA 


SC' 

SC 


SB' 

SB 


SD' 
SD 


Htfdng din : 

b) (a) // (SEF) 

^ 0 , SA’ SC’ 2SG’ 

Goi G = AC n B D . Chi/ng mmh — + — =- 

SA SC SG 

m. Cho hinh chop S.ABCD day la hinh binh hanh. M va P la hai diim Idn lilat 

MA PS 

di dong tren AD va SC sao cho -= — - x (x > 0). 

MD PC 

a) Cluing minh rdng MP luon luon song song vai mot mdt phang co dinh (a). 

b) Tim giao diim 1 cua mat phdng (SBD) vai MP. 

c) Mdt phdng qua M va song song vdi (a) cdt hinh chop S.ABCD theo mdt 

thiit dien va cdt BD tai J. Chilng minh IJ co phitang khong doi. Binh x 
di PJ song song v&i mdt phdng (SAD). 

d) Binh x di di&n tich thiit di&n bdng k Idn dien tich tam gidc SAB (k > 0). 
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CHiinnG ^ VECTfl TROWS KHONG 6IAW JUAN HE VUONG GOC 



§1. VECTd TRONG KHONG GIAN 
SI/ DONG PHANG CUA CAC VECT0 

a. t6m tAt giAo khoa 

1. Sii dong phlng cua cac vectcf : 

■ Dinh nghia 

Ba vecta goi let dong phdng n$u cac gia cua chung cling song song* 
v&i mdt mdt phdng. 

2. Dieu kign de ba vectcf dong ph&ng : 

■ Dinh li 1 

Cho hai vecta khdng cung phitang ava b. Khi do, ba vecta a, b, cdong> 
phdng khi va chi khi co cac sd m, n duy nhdt sao cho c = ma + nb . 

■ Dinh li 2 

Ni'u d b, cla ba vecta khong dong phdng thi v&i vecta d bdt ki , ta din: 
tim dupe cac s6 m, n, p duy nhdt sao cho d = ma + nb + pc. 

B. PHUGNG PHAP GlAl BAl TAP 

1. Ba vectad,b,cco ddng phdng khdng ndu mdt trong hai dtiu sau ddy xay m? 

a) Co mdt vecta trong ba vecta do bing Q 

b) Co hai trong ba vecta dd cung phitang. 

c dong ph&ng 

b) GiA stf a, b cung phuemg, khi d6 c6 so" k sao cho a = kb ^ a = kb + O.c do do 
a, b, c d6ng ph&ng. 

2. Cho hinh chdp S.ABCD. 

a) Chiing minh ring ndu ABCD la hinh binh hanh thi SB + SD = SA + SC. 
Diiu nguac lai c6 dung khdng? 

b) Goi O la giao di$m cua AC va BD. doing to ring ABCD la hinh binh 
hanh khi va chi khi SA + SB + SC + SD = 4 SO. 


a) GiA suf a = 0. Ap dung dinh H 1 : a = O.b + O.c nen a, b, 
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^ • ■> * 


a) Taco SB+ SD = SA + SC 

co SB -SC = SA-SD^o CB = DA 
co ABCD 14 hinh binh hanh 

b) Ta c6 SA+ SB + SC + SD = 4 SO 

co SO + OA+ SO + OB+ SO + OC + SO + OD = 4 SO 



co OA + OB+ OC + OD = 0(*) 

Neu ABCD la hinh binh hanh thi OA + OB + OC + OD = 6 suy ra 
SA+ SB + SC + SD = 4SO(do(*)) 


Ngtftfc lai gia suf SA + SB + SC + SD = 4 SO, ta c6 (*) 

Goi M, N lan lirot 14 trung diem cua AC, BD thi 

OA + OC = 2 0M, OB + OD = 2 ON. 

Tif (*) suy ra 2(OM+ ON) = 6, dieu n4y chtimg to O, M, N th4ng h4ng. M4t 
khac M thuoc AC, N thupc BD v4 O la giao diem cua AC va BD nen 0, M, N 
th&ng h4ng chi xay ra khi O == M s N, tufc 014 trung diem cua AC v4 BD, hay 
ABCD la hinh binh h4nh. 

3. Clio hinh Idng tru tarn giac ABC.A'B'C'. Goi G va G' lan liCat la trong tdm 
cua tarn giac ABC va A B C', I la giao diem cua hai dicing thing AB' va 
AB. Chiing minh ring cac dicing thing GI va CG ' song song v&i nhau. 

Dat AA 1 = a, AB = b, AC = c thi AG = - (b + c\ = - (a + bX 

3 2 



V$y CG’ = 2 GI. Ngo4i ra di«?m G khong thuQC difdng th&ng CG' nen GI v4 
CG’ 14 hai difdng th&ng song song. 
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*i. Cho hinh hop ABCD.A’B'C'D'. Goi M va N Ian hlgt la trung diem ciia CD va 
DD V G vaG' l&n liCat la trong tdm cila cac tic dien A D 'MN va BCC'D \ Ch itng 
minh rdng du&ng thang GG’ va mat phdng (ABBA') song song v&i nhau. 


Grtii 


D§t AB = a, AD = b, AA' = c. Vi G' la trong tam tuf dien BCC'D’ 

nen AG' = — (AB+ AC 4- AC + AD') va G la trong tarn cua tuf di£n A'D'MN 
4 

nen AG = - (AA'+ ADA AM 4 - AN ). 

4 

1 


GG' = AG - AG = — (A' B+ D’ C+ MCA ND ) 
4 


If- _ - - 1 - .. lS\ 

a-c4-a-c + -a+c4--e 

2 2 J 




= -(5a-c) 
8 


1 



= -A5AB-AA') 

8 

Do d6 AB, AA', GG' dong phdng. M£t khde, G khong thupc m&t phdng 
(ABB’A ) nen ddcfng thdng GG' va m&t phdng (ABB A ) song song vcfi nhau. 
& Trong khong gian cho tam giac ABC. 


a) Chtfng minh rdng neu diem M thude mp(ABC) thi co ba sd x, y, z ma 
x + y + z = 1 sao cho OM = x OA + y OB + z OC vai moi diem O. 

b) NgUoc lai, neu co mot diem O trong khong gian sao cho 

OM = x OA + y OB 4- z OC, trong dox + y + 2 = 1 thi diem M thude mp(ABC). 

a) Vi AB, AC la hai vectcf khong cung phtfcfng nen diem M thude mp(ABC) 
khi va chi khi co 

AM =1 AB+m AC 

hay OM- OA = 1( OB - OA) + m( OC - OA) vdi moi di€m 0 
tufc Ih OM = (1 -1 - m) OA+ 1 OB+ m OC 

B&t 1 - 1 - m = x, 1 = y, m = z thi : 

OM = x OA+ y OB + z OC vdi x + y + z = 1. 

b) Gia suf OM - x OA+ y OB+ z OC vdi x + y + z = 1, ta c6 

OM = (1 - y - z) OA 4- y OB + z OC 
hay OM- OA = y AB 4- z AC 
tufc Ih AM =y AB 4- z AC 

ma AB, AC khong cung phtfcfng nen M thuoc m&t phdng (ABC). 
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O. do hinh chop S.ABC. Lay cdc diem A', B\ C Ian luat thuoc cdc tia SA, SB, 
SC sao cho SA = aSA', SB = bSB', SC = cSC', trong do a, b, c la cdc so thay 
do,. Chitng mink rdng mat phdng (A B C ) di qua trong tarn cua tarn giac 
ABC khi va chi khi a + b + c = 3. 

S 


Ta co : SA = aSA\ SB = bSB\ SC = cSC\ 

Gci G la trong tam cua tam giac ABC thi 

SG =-( SA+ SB+ SC) 

3 

Vay SG = - SA 1 + — SB' + - SC. 

3 3 3 

Mat ph&ng (A'B'C') di qua G khi va chi khi bon diem G, A', B', C' dong 

phing, nen theo bai tap 5 neu tren, dieu do xay ra neu va chi neu 

a b c x , 

-+ - 1 tuc la a + b + c = 3. 

3 3 3 

C. BAl TAP LAM THEM 

I. Cho tit dien ABCD. Goi E, F Idn luat la trung diem cua AB, AC, l la trung 
dim cua EF. 

a) Chitng minh ring IA + IB + IC + ID =0 

b) M bdt ki trong khdng gian, chitng minh : 4 MI = MA + MB+ MC+ MD 

c) Tim M e (P) co dink sao cho IMA+ MB+ MC+ MD I nho nhdt. 

Htfdfng d&n : 

a) lA+ 7 b = 2~IE, 7c + 7d = 2~IF va "lE + Tf =6 

b) Ap dung qui t^c 3 diem xen I vao ve phai. 

c) Ap dung cau b) I MA* MB+ MC+ MDl = 4| Mil nho nhfit khi M l£t hinh 
chieu vuong goc cua I len (P). 

g>. Cio hinh hdp ABCD.A B C D'. Goi P, R Idn luat la trung diim cdc canh AB, 
AD, goi P', Q, Q' Idn luat la giao diem cdc dudng cheo cua cdc mdt ABCD, 
CDD'C, A B CDADDA\ 
a Chitng minh ring : PP + QQ+ RR = 6 

b Chitng minh rdng hai tam giac PQR, P'Q'R' co ciing trong tdm. 

Ktfdng dim : 

a PF = - AD, QQ' = - DA', RR' = - AA. 

2 2 2 
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=> PP'+ QQ + RR' = - (AD + DA'+ A' A) = 6. 

2 

b) Goi G, G' l&n li/dt \k trpng tam APQR va AP'Q'R'. Ap dung a) v& h>§ ba 
diem suy ra : 3GG' = 6 

3 . Cho hinh hdp :den ABCD.A'B'C'D'. Goi G la trong tam tam giac 

a) Chtfng mirth BD' = 3 BG. 

b) Goi P y Qy R la anh doi xitng cua diem D' qua cac di$m A, B\ C. ChiXn,g td 
ring B la trong tam cua td dien PQRD'. 

Hu’ofng d&n : 

a) Ap dung qui t&c trong tam 3 BG = BA+ BB' + BC = BD'. 

b) Chufng minh BP+ BQ + BR + BD' = 6. 


§2. HAI Dl/CSNG THANG VUONG GOC 

a t6m tAt giAo khoa 

--- - 1 -___ 

1. Goc giga hai dufdng th&ng : 

■ Dinh nghia 1 

Goc giita hai duang thdng Aj va A 2 Id goc gitfa hai duang thdng A' ; 
va A 1 2 cung di qua mdt di§m va Idn luqt song song (hodc triing) vai Aj 
va A 2 . 

Chu $ : N&u u h Uo Idn litat la cac vecta chi phiiong cua cac duang 
thing Aj va A 2 va (u lt % >= a thi gdc giita hai duang thdng A : va A 2 
bdng a hodc 18(jP - <x tuy theo a < 90° hoac a >90°. 

2. Hai dirifrig th&ng vuong goc : 

■ Dinh nghia 2 

Hai duang thdng duac goi la vuong goc v&i nhau neu goc giita chung 
bdng 90° 
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B. PHU’dNG PHAP GIAI BAl TAP 


1 Mdi khdng dinh sau co dung khdng? 

a) Hai dudng thdng cung vudng goc v&i dudng thdng tint ba thi song song 
voi nhau. 

b) Hai duang thdng cung vudng goc voi dudng thdng thit ba thi vuong goc 
voi nhau. 

f 7>a 

a) Sai : L&y hai dudng th&ng cdt nhau b, c n&m trong mp(P) v^al (P). 
Khi do, a 1 b, a i c nhufng b, c c£t nhau. 

b) Sai : Lay b // c, b, c c (P) vhl (P). 

f. a) Cho vecto hkhac 0 va hai vecto a, b khdng cung phuong. Chdng mink ring 
ni'u vecto h vuong goc vcri cd hai vecto a va b thi ba vecto h, a, b khdng 
dong phdng. 

b) Chdng minh ring ba vecto cung vudng goc voi vecto h* 0 thi ding phdng. 
Tit do suy ra cac dudng thdng cung vudng goc voi mdt dudng thdng thi 
cung song song v&i mot m$t phdng. 

_ 

a) Neu h, a, b dong ph&ng thi c6 hai so k, 1 sao cho n = ka + kb 

r=> n.n = ka. ri + lb.n = 0 => Inp =n 2 = 0 ==> Ini = 0 => n = 0 (vo ly). 

Vay n, a, b khdng dong ph&ng. 

b) Gi& suf ba vecto cung vudng g6c vdi h Ik a, b, c tufc la a. h = b. n = c. n = 0. 

Neu a v& b Ik hai vecto cung phi/Ong thi a, b, c dong ph&ng. 

Neu a v& b Id hai vecto khong cung phirong thi a, b, h la ba vecto khong 
dong ph&ng (dieu n&y suy ra tCr cdu a)). Khi dd c = xa + yb + zn. Nhan vd 
hufdng hai vd" vdi h, ta cd c.h = xa.n + yb.h + zh 2 , suy ra zn 2 = 0 hay z = 0, 
turc Ik c = xa + yb. Vdy cdc vecto a, b, c d6ng ph&ng. 

Neu ba dudng th&ng d l9 d 2 , d 3 cung vudng gdc vdi m§t dudng thing thi 
do ket qua neu tren, ta cd ba vecto chi phuong cua ba dudng th&ng d x , d 2 , 
d 3 dong phlng ttfc Id ba dudng th&ng d v d 2 , d 3 cung song song vdi m§t 
m&t ph&ng. 

f Cho hinh chip S.ABC cd SA = SB = SC va ASB = BSC = CSA Chdng minh 
ring SA X SC, SB X AC, SC X AB. 


HINHHOC11NC-85 



9 Cficti 

Taco SA. BC = SA( SC-SB) = SA. SC-SA. SB 
= SA.SC.cosASC - SA.SB.cosASB = 0 

=> SA 1 BC. 

Ttfcfng tu SB 1 AC v& SC 1 AB. 

,B Clio hinh til dien ABCD. Cluing mink ring neu AB. AC = AC. AD = AD AB 
thi AB 1 CD, AC 1 BD, AD 1 BC. Diiu nguoc lai co dung khong? 

jJ&M. _ ______ _____ 

Taco: AB. AC = AC. AD AC.f AD- AB ) = 0 

o AC.BD=OoAClBD. 

Tifcrng tir AC. AD = AD. AB o AD 1 BC; 

AD. AB = AB. AC o AB 1 CD. 


Nhu vay, dieu ngtfcfc lai cung dung. 

n Clio hinh tit dien ABCD co AB = AC = AD vd BAC = 60°, BAD = 60\ 

CAD - 90°. Chitng minh ring : 
a) AB _L CD; 

h) Neu I uaJ Idn litat la trung di&m cua AB vd CD thi IJ 1 AB vd IJ 1 CD. 

9 

a) Ta c6 : AB. CD = AB( AD- AC) = AB. AD- AB. AC 

= AB. AD.cosBAD - AB.AC.cosbXc = 0 => AB 1 CD. 



= —(AB.AD.cos60° + AB.AC.cos60° - AB 2 ) = 0 => AB 1 IJ. 
2 


Mfitkhdc CD. IJ =i(CA. AD).(AD+BA+AC) 

2 

. __ __ _ .2 __ __ _. __ _ .2 __ _. 

= -(-AC.AD+AD + CA.BA+AD.BA-AC + AD. AC) 
2 

= -- AB.(CA+ AD) = -- AB. CD = 0 => CD 1 IJ. 

2 2 
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C. BAITAP LAM THEM 

I. Cho tii dien dhi ABCD co canh hdng a. Goi M , N Ida Itiot Id trung diem ede 
earth AB, CD. 

a) Tinh do dai doan MN; 

b) Tinh goc gida cac diidng thdng MN va BC; 

c) Chiing mink : MN 1 AB va MN 1 CD. 

Htfdng d§n : 


D 


B&t BA = a, BC = c, BD = b 

=> I a | = I b I = I c | = a 

va : a. c = a. b = b. c = -a 2 

2 


1 


1 ,r - 


Khi do : MN =-(AD+ BC)= -(b-a + c) 
2 2 

—- 2 1 - 

a) MN = — (b -a'+ c ) 2 
4 



1 


= —(a 2 + a 2 + a 2 - 2ab + 2bc - 2ac) = -a 2 
4 2 


b) MN. BC = -a 2 , goc gida MN, BC la 45 


o 


c) Ta c6 : BA.MN = a. - (b - a + c) = - (a.b - a 2 + a.c) = 0 

2 2 

=>MN1AB 

CD.MN = - (b - c).(b - a -f c) = - (a 2 -a.b-»-b.c-c.b + c.a-a 2 ) = 0 
2 2 

r>MNl CD. 

i. Cho hinh Idp phiiong ABGDA 'B'C D'. Cac diem M, N Ian luat chia cac 
doan thdng AD' va DB theo cung ti so k (k * 0 , 1) 

a) Chiing minh ring MN laon ludn song song vai mp(A'D'BC); va chiing 

minh rdng neu k = thi : 

2 

b) MN / / A 'C; 

c) MN 1 AD' va MN 1 BD. 

Htfdfng dan : 


a) Bat: AA' = a, AB = b, AD = c 
Theo gia thiet, ta c6: MA = kMD' 
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MA = k(MA+ AD') 

=* AM = — AD'= — (a+c) 
k-1 k-1 


AN = 


AD-kAB c-kb 


1-k 

Suy ra: 

MN = AN-AM = 
1 


1-k 


c - kb + ka + kc 

TTk 


D’ 

/• _ 


4 . 

B* 

iyCH r\. 

/ 

b 

B 


1-k 


fk(a-b) + (k + 1)6)] = 


1-k 


• 1 4- k —*“■ 

BA + —- BC (1) 


C' 


1-k 


B&ng thufc (1) chutag to MN, BA', BC dong ph&ng va do MN khong thu$c 
mp(A'BCD') nen MN // mp(A'BCD') 

Khi k = thi (1) trd thanh : 

2 

MN = -- BA'+ - BC = - A'C 
3 3 3 

b) Va do cdc difdng th&ng MN va A C clt mp(ABCD) tai cAc dilm kh4c nhau 
nen chung khbng trung nhau. 

Vfiy MN // A'C. 

c) Ta c6: MN.AD' =-A'C.AD' = i(b + c- a)(c + a) 

3 3 

= — b(c + a) + - (c 2 - a 2 ) = 0 
3 3 

(Vi AB 1 mp(ADD'A') v& (a 2 = c 2 ). 

VSy MN 1 AD'. 
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§3. Dt/CiNG THANG VUONG GOC vOl MAT PHANG 




nghia d 


A. t6m tAt giAo KHOA 


oc vcfi 





■ Dinh nghia 1 

Mot ditong thdng goi la vuong gdc vdi mot mat phdng neu no vuong 
goc voi rnoi dadng thdng ndm trong mdt phdng do. Ki hieu Ida 1 (P). 

■ Dinh ly 1 

Neu ditong thdng d vuong goc voi hai ditong thdng cdt nhau a va b 
cung ndm trong mdt phdng (P) thi ditong thdng d vuong goc voi mat 
phdng (P). 

aid , aid 

< d,d c (P) => aliP) 
dr\d -\0\ 

2 - Cac tinh chat : 

■ Tinh chat 1 

Co duy nhdt mdt mdt phdng (P) di qua mdt diem O cho tritdc va 
vuong gdc voi mdt ditong thdng a cho tritdc 

■ Tinh ch&t 2 

Co duy nhdt mdt ditong thdng A di qua mot diem O cho trade va 
vuong goc voi mdt mdt phdng (P) cho trade 


3. Lien 


ufa quan he song song va quan h6 vuong goc cua dirtta 


tang va m$t phang : 

Tinh chat 3 

a) Mdt phdng ndo vuong goc vdi mot trong hai duang thdng song song 
thi cung vuong gdc vdi dadng thdng con lai. 

b) Hai dadng thdng phan biet cung vuong gdc vdi mot mat phdng thi 
song song vdi nhau. 

f a!lb . a | b l 


(P)-La 


^ (P)lb 


al(P) 

bl(P)=>a//b 
a * b 
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Tinh chd't 4 

a) Duong thing nao vuong goc voi mot trong hai mat piling song song 
till cung vudng goc voi mat phdng cdn lai. 

b) Hai mat phang phan biet cung vudng goc voi mot dudng thing till 
song song vdi nhau. 

. HPvm _ /— I - 7 


al(P) 

(P) la 

(Q) la 

IP)* IQ) 


=> al(Q) 


( P)//(Q) 


■ Tinh chat 5 ^ j 

a) Clio dudng thing a va mdt phdng (P) song song voi nhau. Duong 
thing nao vudng goc voi (P) till cung vudng goc voi a. 

b) Neu mot dudng thing va mot mdt piling (khong chiia dudng thing do) 
cung vudng goc voi mot dudng thing till chung song song v&i nhau . 

fa//(P) k i 

• { bla 

\bl(P) 
a ct (P) 

• « alb => alKP) b 

(P)lb — ... 

4. Dinh If ba dtfdng vudng goc : 


■ Dinh nghia 2 

Phep chieu song song len mat piling (P) theo phuorig l vuong goc voi 
mdt piling (P) goi la phep chieu vudng goc len mdt phdng (P) 

■ Dinh li 2 (Dinh li 3 ditdng vudng goc) 

Clio dudng thing a kliong vuong goc voi mdt piling (P) va dudng 
thing b ndm trong (P). Khi do, didu kien cdn va du de b vuong goc voi 
a la b vuong goc voi lilnh chieu a’ ciia a tren (P). 



b 1 a <=> bla' 
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5. Goc giila dilotag th&ng va mat phiing : 


■ Dinh nghia 3 

Neu dtiong thdng al (P) thi ta noi goc giila dtiong thdng a va mat 
phang (P) hdng 90°. 

Neu dtiong thdng a khong vuong goc voi mat phang (P) thi goc giila 
a va hinh chieu a ' ciia no tren (P) got Id goc giila dtiong thdng a va mat 
phang (P). 


B. PHL/dNG PHAP GlAl BAl TAP 

ii Kliang dinh: "Mot dtiong thdng vuong goc voi hai dtiong thdng plian biet 
trong mat plidng (P) thi no vuong goc voi (P)” co dung khong? Vi sao? 

Khong dung vi neu a 1 b va b // c 
(trong do b, c n&m trong (P)) thi a 
chifa h&n vuong goc vdi (P). 

#£ Cho hai dtiong thdng a, b va mat phang (P). Cac menh de sau dung hay sai? 

a) N&u all (P) va b 1 (P) thi b 1 a 

b) Neu all (P) va 6 la thi b 1 (P) 

c) Neu a U (P), b II a thi b I / (P) 

a) Bung a // (p) nen ton tai a’c (P) 
sao cho a // a’ ma b 1 (P) nen b 1 a’. 

Do d6 b X a 

b) Sai b co the song song vdi (P) 

c) Sai b co the n&m trong (P) 
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m. Cho diem S co hinh chieu tren mp(P) la H. Vai diem M bat ki tren (fP) 
(M khong trung H), ta goi doan thing SM la diiang xien, doom thing HMf la 
hinh chidu cua diiang xien do. Cluing minh ring : 

a) Hai diiang xien bing nhau khi vd chi khi hai hinh chieu cua eliding 
bing nhau . 

b) Vai diiang xien cho triiac, diiang xi&n nao dai han thi cd hinh chieu edai 
hem vd ngiiac lai, diiang xien nao co hinh chieu ngdn han thi ngdn han.. 


a) Gia suf HM, HN lan lirgt la hinh chieu cua SM, SN. 
* Neu SM = SN thi ASHM = ASHN nen HM = HN. 


Ngtfcfc lai neu HM = HN thi 

ASHM = ASHN nen SM = SN. 

V$y SM = SNoHM = HN. 
b) Ap dung dinh ly Pytago ta c6 : 

SM 2 - HM 2 = SN 2 - HN 2 (= SH 2 ) 


S 



=> SM 2 - SN 2 = HM 2 - HN 2 . Tir do suy ra:SM>SNoHM> HN (dperm). 
IB. Cho tut dien ABCD . Tim di&m 0 each diu bon dinh cua tit dien. 


_ 

Goi I Ik tam di/dng trdn ngoai tiep cua ABCD. Goi d 
Ik ditirng th&ng di qua I va vuong g6c vdi mkt ph&ng 
(BCD). 

Theo ket qua b&i 14. M e d o MB = MC = MD (d goi 
la true cua di/dng tron ngoai tiep tam gike BCD). 

Goi O Ik giao diem cua d vdi m&t ph&ng trung trite 
cua AB thi O each deu bon dinh cua tur dien (O goi la 
t&m mkt cku ngoai tiep tuf di£n ABCD). 



IB. Cho hinh til dien ABCD co AB, BC, CD doi mdt vudng goc vd AB = a, 
BC = b, CD = c. 


a) Tlnh dd dai AD ; 

b) Chi ra diim each diu A, B, C, D. 

a) Ta c6 CD J_ BC va CD 1 AB n£n CD 1 (ABC) 
Mb AC c (ABC) do do CD 1 AC. 

Trong tam gi4c vuong ABC ta co: 

AC 2 = AB 2 + BC 2 = a 2 + b 2 


A 
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T rong tain gidc vuong ACD ta c 6 : 

AD 2 = AC 2 + CD 2 = a 2 + b 2 + c 2 => AD = Va 2 + b 2 + c 2 


b Ta c6 AB 1 BC vti AB 1 CD suy ra AB 1 (BCD) do do AB ± BD. Goi I la 
trung diem AD ta co IC = IA = ID = IB. Vay I each deu A, B, C, D. 

# 7 . C ho tit diin OABC co ba canh OA, OB, OC doi mot vuong goc. 


ar Chitng minh tarn giac ABC co ba goc nhon. 

b/ Chitng minh ring hinh chieu H ciia diem O tren mp(ABC) trung v&i true 
tdm tarn giac ABC. 


c) Chitng minh ring —— 

OH 2 


1 

OA 2 


1 1 

~OB 2 ^~OC 2 



a i Dat 


a = OA, b = OB, c = OC. Ta co: 

AB = V a 2 + b 2 , BC = AC = 


Ap dung dinh li Cosin trong tam giac ABC ta co : 

AB 2 +AC 2 -BC 2 a 2 + b 2 + a 2 + c 2 -b 2 - c 2 2a 2 

p/NQ Zk _ ___ — | - . 

AB. AC ” AB. AC ABAC 

=> A nhon. Ttfcrng ta B, C la cac goc nhon. 

Vay AABC c 6 ba goc nhon. 
b ) Vi H la hinh chieu cua diem O tren mp(ABC) 
nen OH 1 (ABC). M&t khac OA 1 (OBC) nen 
OA _L BC. Vay AH 1 BC (dinh li ba dating 
vuong goc), tufc la H thuoc mpt dating cao cua A 
tam gi&c ABC. Tirong tu nhu tren ta cung co 
H thuoc dating cao thur hai cua tam giac ABC. 

Vay H la trac tam tam giac ABC. 

c}> Neu AH 1 BC tai A’ thi BC 1 OA’. Vi OH lti dating cao cua tam giac vuong 
AOA' (vuong tai O) va OA' la dating cao cua tam gi^c vuong BOC (vuong 
tai O) nen : 


0 



Vay 


i t 1 11 1 

OH 2 OA 2 + OA’ 2 ’ OA' 2 ~ OB 2 ' OC 2 ' 
1 i 1 i 

OH 2 ~ OA 2 + OB 2 + OC 2 


BB. Clhc hinh chop S.ABC co SA 1 mp(ABC) va tarn giac ABC khong vuong . Goi 
HI va K Ian htat la trile tdm cua tam giac ABC va SBC. Chitng minh ring : 
ad AH, SK, BC dong quy ; b) SC 1 mp(BHK) ; c) HK 1 mpfSBC). 
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Gtuti 


10 


a) Goi I Id giao diem cua hai dudng thdng AH va BC 

Ta c6 BC J_ AH (do H la true tam AABC) g 

BC X SA (do SA 1 mp(ABC)) 

Suy ra BC 1 (SAI) md SI c (SAI) nen BC 1 SI 
K Id true tam ASBC nen SI qua K. 

Vay AH, SK, BC dong quy tai I. 

b) Ta c6 BH 1 AC vd BH 1 SA nen 
BH 1 mp(SAC) suy ra BH 1 SC. 

Mdt khde SC X BK nen SC 1 mp(BHK) 

c) Ta c6 SC 1 HK (do HK 1 mp(BHK)) 

Ma HK 1 BC (do BC 1 mp(ASI)) 

Vay HK 1 (SBC) 

Clio hinli chop S.ABC co day la tam giac deu earth a va SA = SB = SC b. 
Goi G la trong tam tam giac ABC. 

a) Chilng mirth rdng SG X (ABC). Tinh SG. 

b) Xet mdt phdng (P) di qua A va vuong goc vai dildng thdng SC. Tim lie 
tlidc lien he gida a va b de (P) cdt SC tai C 2 ndm giila S va C. Khi. do hay 
tinh dien tich thiet dien cua hinh chop S.ABC khi cdt bdi mp(P). 

GruU 



a) Vi SA = SB = SC nen S n&m tren true cua dudng tron ngoai tiep tam giac 
ABC. Md G la tam dudng tr6n ngoai tiep AABC nen SG X (ABC). Goi I Id 
trung diem cua BC. Ta co AI X BC vd BC X SI 


SI = VSC 2 - IC 2 = Jb 2 - 


a^ 

4 


V4b 2 - 


a 4 


GI = - AI 
3 


1 V3 
-.a — 
3 2 


a 


V3 


6 


Trong tam giac vuong SGI ta c6 
= VSI 2 - GI 2 = 


SG 


4b 2 - a 2 


a* 

12 


V' 


12b 2 -4a 2 


f 3b * 



a" 


12 V 3 
b) Ke AC X X SC thi (P) chinh lh mptABCj) 

Vi SAC Id tam giac din md ACj X SC nen C Y n&m giUa S va C khi va chi 
khi ASC < 90° 


94-HINHHOC1 INC 






o AS 2 + CS 2 > AC 2 o 2b 2 > a 2 

Ta c:o AB 1 GC va AB 1 SG suy ra AB 1 SC 
SC 1 ACj va SC 1 AB nen SC 1 (ABCj) 

Tie tich tur dien SABC la : 

V SAJBC = - SG ' S ABC = ^ SC - S ABCi 

O O 


3b 2 - a 2 a 2 >/3 


_ c_ SG.Sabc _ V 3 

—^ 15 AllC . _ ———— 

' SC b 


a 2 V3b 2 -a 2 

4b 


Bt a, Clio til diin ABCD co AB 1 CD, AC 1 BD. Cluing mink rdng AD 1 BC. 
Vdy, cac canli do'i dien cua til dien do vuong goc vai nhau. Til dien nhit 
the goi la til dien true tarn. 

b) Cluing minh cac menh de sau day la tuang duang: 

i) ABCD la til dien trite tarn. 

ii) Cli&n dudng cao cua tU dien ha tit mot dinli triuig vdi true t&m cua 
mdt doi dien. 

iii) AB 2 + CD 2 = AC 2 + DB 2 = AD 2 + BC 2 . 

c) Cluing minh rdng bon duang cao cua til dien trite tarn ddng quy tai mot 
diem. Diem do goi la trite tarn cua tU dien noi tren. 


Ta co 


CDl(ABH) 


a) Ke AH 1 (BCD), H e (BCD) 

[ CD-LAH 
[CD1AB 

Uh BH c (ABH) nen CD 1 BH (1) 

f BDlAH 
Tuctng to 1 

■ |BDlAC 

=> BD 1 CH (2) 

Td (1) va (2) suy ra H lit true tam tain giac BCD 
BC-LAH 


=> BDKACH) 



Ta co 


BC1DH 


=* BC1(ADH)=> BClAD 


b) Theo chufng minh cau a) ta co i) o ii) 

Mat khde ta co AB 2 + CD 2 - AC 2 + BD 2 

_ .2 _ .2 _ .2 _ .2 

• o AB 4- CD = AC + BD 

2 2 _ _ _ 

o AB -HAD- AC) 2 = AG +(AD- AB) 2 o AD. AC = AD. AB 
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« AD.( AC- AB) = Oo AD. BC=Oo ADlBC 
Tifcfng tif AB i_ CD va AC 1 BD 
Vay i) o iii) 

c) Goi K \h trifc tam tam giac ACD thi K n&m tr§n AI (vdi BI 1 CD). T& do 
suy ra AH vk BK c&t nhau do chung cung thuoc mp(ABI). 

Tifcfng tif bon difdng cao cua tuf di§n trifc tam ckt nhau doi mot va khong 
cung n&m tren mQt m&t jjh^ng nen chung dong quy. 


C. BAl TAP LAM THEM 


I. Cho til dien ABCD 


a) Chilng mirth rdng AB 1 CD o AC 2 - AD 2 = BC 2 - BD 2 

b) Til do suy ra neu mot til dien co hai cap canh doi vuong goc vdi nhau thi 
cap canh d6i con lai cung vudng goc vdi nhau. 

tCho til dien SABC co ABC la tam giac vuong cdn dlnh B , AB - a. SA vudng 
gdc vdi mdt phdng (ABC) va SA = aV3. M la diem tuy y tr£n canh AB, dat 
AM = x (0 < x < a). Goi (a) la mdt phdng qua M va vudng goc vdi AB. 

a) Tim thiet dien cua til dien SABC vdi (a). 


b) Tinh didn tich thiet dien nay theo a va x. Tim x de dien tick thiet dien co 
gid tri Idn nhdt. 


Dap so' : b) S = V3 x (a - x), S ldn nhat khi x = 


a 


a. Cho hinh chop S.ABCD co day la hinh vudng ABCD canh a, SA 1 (ABCD) 
va SA = a 


a) Tim tr£n mat phdng (ABCD) mot diem each deu ba diem S , B, C va tinh 
khoang each dy vd khoang each til diem do den mat phdng (SBC). 

b) Tim tren mat phdng (SBC) mdt diem each diu ba diem B, C, M vdi M la 
trung diim canh CD. 


Tinh khoang each dhung dy. 


Dap so : a) Trung diem AD, 


a>/5 aV2 
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§4. HAI MAT PHANG VUONG GOC 

A. t6m tAt giao khoa 


l. Goc gitfa hai m&t ph&n 


foj 

■ Dinh nghia 1 

G6c giila hai mdt phdng la goc giUa hai ditbng Y' \ 

thdng Idn luat vuong goc vai hai mat phdng do. U' <5 \ s . 

■ Dinh li 1 

Goi S la dien tick cua da gidc H trong mat phdng (P) vd S' la dien 
tich hinli chieu H’ cua H tren mdt phdng (P') thi S' = S cos<p, trong do 
tp Id goc giUa hai mdt phdng (P) vd (P'). 

2. Hai m&t ph&ng vuong goc : 


■ Dinh nghia 2 

Hai mdt phdng goi la vuong goc vai nhau neu goc giila chung bdng 
90°. Ky hieu Id (P) 1 (Q). 

■ Dinh li 2 (Dieu ki$n de hai mqt phdng vuong goc) 

Neu mot mdt phdng chila mdt duong thdng vuong goc vai mot mat phdng 
khdc thi hai mdt phdng do vuong goc vai nhau. 

\a c (P) @ a| 


aUQ) 


■=> (P)±(Q) 


Dinh li 3 

Neu hai mat phdng (P) vd (Q) vuong goc vai nhau thi bat cil duang 
thdng a nao ndm trong (P), vuong goc vai giao tuyen cua (P) vd (Q) dSu 
vuong goc vai mdt phdng (Q). 

(P) n (Q) - d; (P)l(Q) 

< a e (P) =>al (Q) 

aljd 

H$ qua 1 

Ndu hai mdt phdng (P) vd (Q) vuong goc vai nhau va A Id m6t diem 
ndm trong (P) thi dildng thdng a di qua diem A y 
vd vuong goc vdi (Q) se ndm trong (P). X 

(P)HQ) f 

Ae(P) 

\ =>ac(P) ,1-7—^ 

aUQ) y Jp 7 

A e a y / 




He qua 2 

N&u hai mat phdng cdt nhau va cung vuong goc vdi mat phdng it hit 
ba thl giao tuyen cua chung vuong goc vai 
mdt phdng thd ba. 

{P)n(Q) -a 
< ( P)1(R) => al(i?) 

( Q)1(R) 

He qua 3 

Qua dildng thing a kliong vuong goc vai mat phdng (P) co duy nhat 
mot mdt phdng (Q) vuong goc vai mdt phdng (P). 



3. Hinh l&ng tru dtfng - Hinh he 


■ Dinh nghia 3 

Hinh Idng tru dting : 

La hinh Idng tru co canh 
ben vuong goc vdi mdt 
phdng day. 


chi? nhat - Hinh 1 


hi?dn 



Hinh Idng tru deu : 

La hinh lang tru dvCng co 
day la da gidc d&u. 


N, 

Ae I . : 

7 

A? ,v- 



/ ' 

N ; /fe 


/ 


.. 


Hinh hyp diitng : 

La hinh Idng tru ditng co 
day la hinh binh hanh. 

Hinh hep chiT nhat : 

La hinh hdp dung c6 day la 
hinh chd nhat. 
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Hinh lap phitcfng : 

La hinh hop did nhat co tat 
cci cdc canh bdng nhau. 


4. Hinh chop deu va hinh chop cut deu : 

■ Dinh nghia 4 

Mot hinh chop duoc goi la hinh chop diu neu day ciia no la da giac 
d&u va cdc canh ben bdng nhau. 



Dinh nghia 5 

Khi cat hinh chop deu boi 
mdt mat phang song song vai 
day de diloc mot hinh chop 
cut thi hinh chop cut do duoc 
goi la hinh chop cut deu . 



A4 


>D 


B. PHlJdNG PHAP GIAI BAI TAP 


Cac m&nh d& sau dung hay sail 

a) Hai mat piling ciing vuong gdc vdi mdt phang thd ba thi song song v&i 
nhau; 

b) Hai mat phdng ciing vuong gdc vdi mdt phdng thd ba thi vuong gdc v&i 
nhau; 
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c) Qua mdt dudng thing cho trade co duy nhdt mot mdt piling vuong goc vdi 

mdt mdt phdng cho trade; 

d) C6 duy nhdt mdt mdt phdng di qua mot diim cho trade va vuong goc vai 
hai mdt phdng cdt nhau cho trade; 

e) Cac mdt phdng cung di qua mot diem cho trade va vuong goc vdi mot mdt 
phdng cho trade thi luon di qua mdt dudng thing cd dinh; 

f) Hinh Idng tru co hai mdt ben la hinh chd nhdt la hinh Idng tru dtfmg; 

g) Hinh chop cd day la da giac diu va ba canh ben bdng nhau la hinh 
chip diu. 

a) Sai (P) 1 (R), (Q) 1 (R) 
nhung (P) vd (Q) cdt n 
nhu hinh ve sau. 

b) Sai (P) 1 (R), (Q) 1 (R) nhifng (P) c6 the song song vdi (Q). 

c) Sai. Lay a 1 (R) thi cd vo so mdt phdng (P) chufa a vd vuong goc vdi (R). 

d) , e), g) Dung, 
f) Sai. 

«?«?. Cho hinh h6p ABCD.A'B'C'D ' co AB = a , BC = b, CC' = c. Ni'u AC ' = BD' = 
B'D = V a 2 + 6 2 + c 2 thi hinh hdp do cd phai la hinh hop chi7 nhdt khong? 
Vi sao? 

_ 

Ap dung tinh chd't: "Tdng binh phirang hai dudng chdo hinh binh hdnh b&ng 
t6ng binh phifcfng 4 canh cua no" (BT 38, 4, chutfng II) 

Ta cd: AC' 2 + AC 2 = 2(AA’ 2 + A'C' 2 ) 

BD 2 + BD 2 = 2(BB' 2 + BD 2 ) 

=> AC' 2 + A C 2 + BD 2 + B'D 2 
= 2(c 2 + c 2 + AC 2 + BD 2 ) = 4(a 2 + b 2 + c 2 ) 

A C = AC’ = B D = BD’ 

=> AA'C'C va BB'D'D Id ede hinh chtf nhat, 
tir d6 suy ra AA' 1 AC va AA’ 1 BD. Do do AA' 1 (ABCD), tufc hinh hgp 
ABCD.A'B'C'D’ la hinh h<?p chtf nhat. 

Cho hinh Idp phaang ABCD.A'B'C'D' co canh bdng a. 

a) Chilng minh ring AC' vuong goc vdi hai mdt phdng (A'BD) vd (BCD'). 

b) Cdt hinh Idp phaang bdi mdt phdng trung trac cua AC'. Chdng minh 
thidt diin tao thanh la mdt luc giac diu. Tinh diin tick thiet diin do. 
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_ __ __ 

a) Ta co AC = AB + AD + AA' 

va BD = AD- AB 

Vay AC. BD = ( AB + AD + AA').( AD- AB) = 0. 

Tufdng ttf, ta c6 AC . BA' = 0. 

V6y AC'l (A BD). 

Do (A'BD) // (BCD') nen AC' 1 (BCD’). 


B M C 



b) Goi M 16 trung diem eua BC thi MA = MC' (vi cung b&ng 
thupc m6t ph&ng trung trifc (a) cua AC'. 


a>/5 

~2~ 


) nen M 


Tircrng tif, ta chufng minh dtrac N, P, Q, R, S cung c6 tinh chit d6 (N, P, Q, 
R, S ldn ltfat 16 trung diem cua CD, DD', D'A', A’B', B'B). 


V6y thiet di^n cua hinh l&p phtfcrng bi cit bdi mp(a) 16 MNPQRS. B6y 

^ v a >/2 ^ 

la luc gidc deu canh b6ng-. Tif d6 ta tinh dtfdc di$n tich cua thiet 

2 


di$n 16 : 


S =6. 


v 2 , 


V3 _3^3 2 

4 4 3 


m. Clio hinh chop S.ABCD co day la hinh vudng canh a va SA 1 (ABCD), 
SA = x. Xdc dinh x di hai mdt phdng (SBC) va (SDC) tao vdi nhau 
gdc 60°. 


+£^1 _ 

Goi O Id giao dilm ciia AC vd BD. Trong mat 
ph&ng (SAC) ke OOj vu6ng gdc vdi SC, de thdy 
mp(BOiD) vudng gdc vdi SC. V£y gdc giura hai 
m§t phing (SBC) vd (SDC) b&ng gdc giufa hai 
dddng thing BOj vd DOj. Mat khdc OOj 1 BD, 

00! < OC md OC = OB nen BO^O > 45°. Tuang 

tu DOj O > 45°, tdc BOj D > 90°. 

NhU vay, hai mat phing (SBC) vd (SDC) tao vdi nhau gdc 60° khi vd chi khi 

BO^D = 120° o BO^ = 60° (vi ABOjD can tai O,) 

<=> BO = OOjtanGO 0 BO = OO^. 

SA 

Ta lai c6 : OQ 1 = OCsinOCOi = OCsin ACS = OC.—. 


S 
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Q A 

Nhif vay : BO = 00,^3 o BO = V3.0C.— oSC = V3.SA 

SC 

<=> Vx 2 + 2a 2 = V3.x x = a 

* V&y khi x = a thi hai mat ph&ng (SBC) va (SDC) tao vdi nhau goc 60°. 

BB. Cho hai mdt phdng vuong goc (P) va (Q) co giao tuyen A. Ldy A, B curng 
thuoc A va ldy C g (P), D e (Q) sao cho AC 1AB, BD LAB va AB ~ AC - BjD. 
Xac dinh thiet dien cua tit dien ABCD khi cdt bai mdt phdng (a) di quia 
diim A va vuong goc vai CD. Tinh dien tick thiet dien khi AC - AB = BD = (a. 


m £uU 

Goi I la trung di§m cua BC thi AI 1 BC. Do BD 1 mp(ABC) nen A.' ± CD 
(dinh H ba dit&ng vuong goc). 

Trong mp(CDB), ke IJ vuong g6c vdri CD (J g CD) thi mp(AIJ) chinh la mat 
ph&ng (a) vh thiet di§n phai tim la tarn gidc AIJ. 

Tam gide AI J la tam giac vuong tai I. 


Vay S AIJ = -AI.IJ. 

Ta co AI = - BC = —. 

2 2 


a 


J2 


IJ 


DB CD 


CI => IJ = -^.DB 




CD 


2 „ « 
aV§' ' 6 


V?y Sajj = 


1 aV2 a/6 a 2 V3 


2 2 


12 


D 



BB. Hinh hdp ABCD.A'B'C’D' la lxinh hop gi neu thoa man mot trong etc didu 
ki$n sau? 

a) Tit dien AB'CD' co cac cqnli doi bdng nhau; 

b) Til di$n AB’CD’ co cac earth doi vuong gdc; 

c) Tit dien AB’CD’ la til dien diu. 


» . Gw _ 

a) Ta c6 B'D' = BD. 

Vay AC = B'D' <=> AC = BD, khi do ABCD 1 h 
hinh chuf nhat. 

Ttfcmg tir ta cung co ABB'A’ v& ADD A’ la 
nhumg hinh chuf nhat. Vay khi tuf dien AB'CD' 
c6 ede canh doi dien b&ng nhau thi 
ABCD.A'B'C'D’ la hinh hop chuf nhat. 
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Ngdac lai, khi ABCD.A'B'C’D’ Ih hinh hop chuf nhat thi de thay tur dien 
ABCD' co cac canh doi dien bkng nhau. 

b) Ta co BD // B’D’. Vay AC 1 B’D' <=> AC i BD. Khi do ABCD la hinh thoi. 
Ti/c/ng td nhu’ tren ta cung co ABB A' va ADD A’ la nhufng hinh thoi. Vay 
hinh hop ABCD.A’B’C'D' \k hinh hop thoi (tufc sdu mat cua hinh hop la 
hinh thoi). 

Cung d£ thay r&ng neu ABCD.A BCD’ la hinh hop thoi thi tur dien 
AB’CD’ co cac canh doi di£n vuong g6c. 

c) Khi AB’CD’ la tuf dien deu thi cac canh doi dien vifa bang nhau vita vuong 
goc; ap dung ket qua cua cdc cau a) va b) ta co: Khi AB CD' la tuf dien deu 
thi hinh hop ABCD.A BCD’ la hinh lap phtfcfng. 

Ngirpc lai neu ABCD.A’B’C'D' la hinh lap phurcmg thi AB CD’ la tuf dien deu. 
27 . Clio hai tarn giac ACD , BCD ndm tren hai mdt phdng vuong goc vdi nhau 
va AC = AD = BC = BD = a, CD = 2x. Goi I, J Ian litot la trung diem cua AB 
va CD. 

a) Ttnh AB, IJ theo a va x. 

b) Vdi gid tri nao cua x thi hai mat phdng (ABC) va (ABD) vuong goc? 


GruU 


a) Vi J la trung diem cua CD va AC = AD nen AJ1 CD. Do mp(ACD) 1 mp(BCD) 
nen AJ 1 mp(BCD). Mac khac AC = AD = BC = BD nen tam giac AJB 
vuong can, suy ra AB = AJV2, AJ 2 = a 2 - x 2 hay AJ = va 2 - x 2 . 

Vay AB = y]2(a 2 - x 2 ) vdi a > x. A 

Do IA = IB, tam giac AJB vuong tai J nen 

J1 = -AB, tufc Ik : IJ =-V2(a 2 - x 2 ). 

2 2 


b) Ro rang la Cl va DI vuong goc vdi AB. 
Vay mp(ABC) 1 mp(ABD) o CID = 90° 


olJ=-CDo-V2(a 2 -x 2 ) 
2 2 


.2x <=> x = 


a^3 



2 3 

*9. Clio tam giac ABC va mat phdng (P). Bi£t goc giUa mp(P) va mp(ABC) la cp 
(cp * 90°); hinh chieu cua tam giac ABC trdn mp(P) la tam giac A’B'C'. 
Cluing minh rdng S A B ' C - = S ABC .cosy 

Htfctag dan : Xet hai trufdng hop 

a) Tam gidc ABC co mot canh song song ho&c n&m trong mp(P). 

b) Tam giac ABC khong co canh nao song song hay nkm trong mp(P). 
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« && _ 

a) X6t tnrtmg hap tam gidc ABC c 6 mpt canh, ch&ng han BC n&m tfotig 
mp(P). Goi A' Ik hinh chieu cua A tren mp(P). Ke dufrng cao A H cua tam 
gi&c ABC (H e BC) thi AH Ik dtffrng cao cua tam gi£c ABC \k 

AHA’ = (p, A' H = AHcos<p. 



Trtfdng hap canh BC cua tam giac ABC song song vdi mp(P). X6t mp(Q) 
chura BC vk song song vdi mp(P), goi giao diem cua AA’ vtfi mp(Qj Ik A v 
Khi do ta c6 AAjBC = AAB'C’; g6c giufa mp(ABC) vk mp(Q) b&ng (p. Do d6 : 
Saw = Sa } bc= S ABC .cos(p. 

b) X4t trirtfng hap tam gidc ABC khong c6 canh nao song song hay n&m 
trong mp(P).Ta c6 thi gi k sur mp(P) di qua diim A sao cho ckc dinh 6,06, 
vi cung mqt phia doi vdi mp(P). Goi D Ik giao diem cua dtfftng th^ng BC 
vk mp(P); B\ C lan lufcrt Ik hinh chieu cua B, C tren (P) thi B C' di qua D. 
Khi d6 theo trifcfng hqp a) ta c6 : 

Sadc = Sadc* C0S( P- 
Sadb = SABD-COSq). 

Trif timg ve hai d&ng thufc tren ta c6 : 

Sab'C' = Sabc COS( P- 

Vfiy moi trifdng hqp ta deu c6 S ABC = S^c.costp. 


C 
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§5. KHOANG CACH 

a. t6m tAt giAo khoa 


1. Pinh nghia 1 : 

Khoang each td diem M den mdt phdng (P) (hodc din ditdng thing AJ 
la khoang each gida hai diem M va H trong do H la hinh chiiu cua 
diem M tren mat phdng (P) (hodc tren ditdng thing AA 

2. Pinh nghia 2 : 

Khoang each gida dudng thing a va mdt phdng (P) song song v&i a 
la khoang each td mot diim nao do cua a din mdt phdng (P). 

3. Pinh nghia 3 : 

Khoang each gida hai mdt phdng song song la khoang each td mot 
diem bdt ki cua mdt phdng nay den m$t phdng kia. 

4. Pinh nghia 4 : 

Khoang each gida hai ditdng thing chco nhau la d6 dai doan vuong 
g6c chung cua hai ditdng thing do. 


B. PHUCJNG PHAP GIAI BAl TAP 

09. Cho td diin ABCD co AC = BC = AD = BD = a, AB - c, CD = c'. Tinh khoang 
each gida hai ditdng thing AB va CD. 


Goi M, N lan lutft 1& trung diem cua AB va CD. 
AACD can nen AN 1 CD v& ABCD can nen BN 1 CD. 
Do do CD 1 (ABN) suy ra CD 1 MN. Titong tu ta cung 
c6 AB 1 MN. Vay d(AB, CD) = MN 

Ta c6 MN 2 = AN 2 - AM 2 = AD 2 - ND 2 - AM 2 


= a 2 -- 


— = — (4a 2 — c 2 —c 2 \ 
4 4 



Vay MN = — V4a 2 - c' 2 -c 2 vdi dieu kien 4a 2 > c 2 *♦- c' 2 
2 

30. Cho hinh Idng tru ABC.A B C' co tdt ca cac canh diu bdng a. Goc tao bod 
canh bin va mdt phdng day bing 30°. Hinh chiiu H cua diim A trin mdt 
phdng (A'B'C') thuoc ditdng thing B'C'. 
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a) Tinh khoang each gida hai mqtt phdng day. 

b) Chiing mirth rang hai dudng thing AA' vd B'C’ vuong goc, tinh kho&mg 
each gida chiing. 


_ _ 

Ta c6 AH 1 (A'B'C') nen AA'H la goc gida 

AA' vh mp(A'B'C') do d6 AA^H = 30° 

a) Khoang edeh giufa hai mdt ph&ng ddy 
chinh Id AH, ta c6 : 

AH = AA'sin30° = -. 

2 


A C 



b) Tam gidc AHA' vuong tai H nen A'H = AA'cos30° =-. Vi A B C' la tarn 

2 

Jo 

gidc deu canh a, H thupc dtfcmg th^ng B'C' md A H = —— nen A H 1 B' C' 

2 

vd H Id trung dic?m B'C'. Mat khde AH 1 B’C' nen AA' 1 B'C'. Ke dtfdng 
cao HK cua tam gidc AA’H thi HK chinh la khoang edeh gitfa AA' vd 

a a*/3 

B C’. Do AA'.HK = AH. A H nen HK = 1—?- = —. 

a 4 

31 Cho hinh Idp phxiong ABCD.A'B'C'D' cd canh bang a. Tinh khoang each 
gida hai dudng thing BC ' vd CD’. 


Goi 0, O’ lan ltfcft Id tdm ede hinh vuong ABCD, ABC’D’ cua hinh lap 
phufdng ABCD.A'B’C’D' canh a. 


Ta chufng minh B’D 1 (BA'C) vd B'D 1 (ACD') 


Ta c6 


AC' IB'D' 


=> A’C l(BB'D D) 


D' 


A’C’IBB’ 

V 

M& B’D c (BB'D'D) nSn B'D 1 A’C' (1) 

m (AB’±A’B __ 

Tirong tir | ^ Bifi , c , => A B KAB C D 

M6 B'D c (AB'C'D) nen B'D 1 A'B (2) 

Tir (1) vh (2) suy ra B'D 1 (BA'C). 

Tifefng tu ta cung chtfng minh dtfdc B'D 1 (ACD ) 

* Hai mdt ph&ng (BA'C') vd (ACD') song song vdi nhau, vudng goc vdi doan 
B’D vd chia B'D thdnh 3 ph&n b&ng nhau (xdt hinh binh hdnh BB’DD' vd 
BO // D O). 
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Do do khoang each giufa mp(BA’C) va mp(ACD') Id 


B’D aV3 


3 3 

Khoang edeh gitfa BC’ va CD’ 

Khoang cdeh giufa hai dudng thdng cheo nhau BC’ va CD’ bdng khoang 
edeh giufa hai mat phdng song song: mp(BA’C) va mp(ACD'). Vay khodng 

edeh d6 la 


30. Cho hinh hop chit nhdt ABCD.A'B'C'D' co AB = AA' = a , AC' = 2a. 

a) Tinh khoang each til diem D den mat phdng (ACD). 

b) Tim duang vuong gdc chung cua cac dudng thdng AC' va CD'. Tinh 
khoang each giUa hai duang thdng dy. 


CtuU 


a) Xdt tuf dign DACD' c6 DA, DC, DD’ doi mot vuong g6c nen khoang edeh 
DH tir D den mat phdng (ACD ) dirge tinh bdi hg thufc : 

1 


1 1 1 
DH 2 " DA 2 + DC 2 + DD 2 

(BT 17, chirong III, SGK). Ta c6 : 

DC = a, DD’ = a, 

AC’ 2 = AC 2 + CC’ 2 = DA 2 + DC 2 + CC 2 

hay 4a 2 = DA 2 + a 2 + a 2 , tufc Id DA 2 = 2a 2 . 

1 1115 

Vdy-- = —- + — + 


D 



DH 2 2a 2 a 2 a 2 2a 2 


Do d6 DH = 


L 2 " 2 

aVlO 


5 


b) Vi CD = DD* = a nen CD 1 1 CD. Mat khde AD 1 (CDDC) ndn CD* 1 AC 
vd CD’ L mp(AC’D). Goi giao diem cua CD’ vdi mp(AC’D) Id I. Trong 
mp(AC'D) kd IJ vuong g6e vdi AC tai J thi IJ Id difdng vuong g6c chung 
cua AC' vd CD . 

Ta tinh khoang edeh gitfa AC va CD' 

Ta c6 AC'JI co AC'DA nen — = —, 

AD AC’ 

r" n 

Suy ra IJ = AD.——. 

J 2AC’ 

Mat khac CD = aV2 nen IJ = aV2.-^ =-. 

2.2a 2 



C' 
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33.Cho hinh hdp thoi ABCD.AB'CD' co cac canh diu bang a via 

BAD = BAA' =DAA' = 60°. Tinh khodng each gida hai m$t phdng daiy 
(ABCD) vet (A’B'C’D’). 


Tir gi& thigt suy ra ede tam gidc A'AD, BAD, 
A'AB Ik eke tam gidc c&n cung c6 g6c d dinh 
bkng 60° n£n chung Ik c£c tam giac d4u. NhU 
v$y tuf di$n A'ABD c6 cAc canh cung b&ng a 
hay A'ABD Ik ttf di$n d4u. Khi d6 hinh chi4u 
cua A' tr§n mp(ABCD) chinh Ik trong t&m H 
cua tam gidc d4u ABD. Khoang c£ch gitfa hai 
mkt phing ddy (ABCD) va (A'B'C’D’) chinh la 
dO dki A'H. Ta c6 : 


B‘ ‘C* 



V&y 


AH 2 = AA’ 2 - AH 2 = a 2 


AH = 


aV6 

IP 


aS) 

3 



2a 2 

~3~ 


3*9. Cho hinh chop S.ABCD c6 day la hinh chd nhdt va AB = 2a, BC = a. Cac 
canh b&n cua hinh chdp being nhau va bdng aV2. 

a) Tinh khodng each til S din mdt phdng day (ABCD). 

b) Ggi E va F Idn laqt la trung diim cua cac canh AB va CD; K Id diem bat 
ki thude dudng thdng AD. Chvlng minh rdng khodng each giva hai 
duimg thdng EF va SK khdng phu thude vao K y hay tinh khodng ccch do 
theo a. 


« m - 

a) Vi SA = SB = SC = SD = aV2 nen hinh 
chiiu cua diim S trdn mat phdng (ABCD) 
Ik dilm H md HA = HB = HC = HD. Do 
ABCD lik hinh chflf nhat nen H chinh la 


giao di4m cua AC vk BD. Khoang ckch tCr 
S d£n mp(ABCD) bkng SH. Ta c6: 


= 2a 2 - 


4a 2 


+ a" 


—, turc 16 SH = —. 


s 



b) Vi EF // AD n§n EF // mp(SAD), mat khde SK n&m trong mp SAI) nen 
khodng edeh gitta EF vd SK chinh Id khodng edeh giura EF vs mp<3AD), 
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36 cung chinh la khoang cdch ttr H den mp(SAD). V&y khoang c6ch giufa 
EF vk SK khong phu thuQc vao vi trf cua diem K tren dudng th&ng AD. 


Tlr.h d(EF; SK) : 

Goi I Ik trung diem cua AD, ke dtfdng cao HJ cua tam giac vuong SHI thi 
HJ _l mp(SAD), do do d(H; (SAD)) = HJ. Ta c6 : HJ.SI = SH.HI 


?ir d6 


a 2 7 n 2 

SI 2 = SA 2 - AI 2 = 2a 2 - — = li-. 

4 4 


HJ = 


SH.HI 

SI 


aV3 

2 a _ aV21 


2 


Nhi vay, khoang cdch giufa EF va SK khong phu thupc vko vi trl cua dic?m K 
tre:i dtfdng thSng AD va b&ng - 


Cho ta dicn ABCD. Chang minh ring neu AC ~ BD, AD = BC thi dxiang 
vutng gdc chung cua AB va CD la duang thing noi trung diem cua AB va 
CD Didu ngUac lai co dung khong? 

a) Vi AC = BD, AD = BC nen tam gidc ACD 
D&ng tam gidc BDC, tir do hai trung tuyen B 
;tfcmg lifng AJ va BJ b&ng nhau (6 d6 J la 
;rung diem cua CD). Goi I la trung diem cua 
AB thi ta c6 JI 1 AB. Ttfcrng tir nhir tren ta C 

:ung co JI A CD. Vay IJ la dirdng vuqng gdc chung cua AB vk CD. 

b) Di4u ngiroc lai cua ket luan neu ra trong bki to£n cung dung, turc 1& nS'u 
!J A AB, IJ A CD, I, J l&n lufcrt Ik trung diem cua AB vk CD thi AC = BD; 
AD = BC. 

?h$t v^y, vi IJ A AB, I \k trung diem cua AB n&n AJ = BJ. MSt kh£c 

PD 2 

AC 2 + AD 2 = 2AJ 2 + -—. 

2 

BC 2 + BD 2 = 2BJ 2 + £51 

2 

?il d6 ta c6 AC 2 + AD 2 = BC 2 + BD 2 . (1) 

?uang Ur nhir tren ta cung c6 : 

CB 2 +CA 2 = DB 2 +DA 2 . (2) 

TCr (1), (2) ta suy ra AD 2 - BC 2 = BC 2 - DA 2 , tufc Ik DA = BC vk tir (1) ta 
cung c6 AC = BD. 
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c. bAitaplAmth£m 

f. Trong hai mctt piling vudng goc (P) va (Q) cho hai tarn gidc can ACD ua 
BCD cd chung day CD = 2x va cac canh khac co do dai bing a. Goi M va N 
la trung diem cua AB va CD. 

a) Chiing mink ring MN va dudng vuong goc chung cua AB va CD. 

b) Tinh theo a va x dd dai cac doan AB va MN. 

B. Tii diin OABC co OA = OB = OC = a va AOB = AOC = 60°; BOC = 90 0 

a) Tinh dd dai cac canh con lai cua tii dien va chiing minh ring ABC la tam 
gidc vuong. 

b) Chiing minh OA 1 SC, goi /, J Idn luat la trung diem cua OA va BC , 
chiing minh ring IJ la dudng vuong goc chung cua OA va BC. 

c) Chiing minh ring (ABC) 1 (OBC). Tinh dd dai doan IJ theo a. 


ON TAP CHUCiNG III 


». Tit dien OABC c6 OA « OB » OC - a vd AOB . AOC - 60°; BOC - 90° 

a) Chiing to ring ABC la tam gidc vudng va OA 1 BC. 

b) Tim dudng vuong goc chung IJ cua OA va BC; tinh khoang each gida hai 
dudng thing OA va BC. 

c) Chiing minh ring hai m$t piling (ABC) va (OBC) vudng goc v&i nhzu. 


» _ 

a) Vi AOB = AOC = 60° 

OA = OB = OC = a 
nen AB = AC = a. 

Suy ra AABC = AOBC. 

Vay tam gidc ABC vudng can tai A. 

Goi J Id trung di^m cua BC thi OJ 1 BC, AJ 


0 



1 BC nen OA 1 BC. 


b) Goi I la trung diem cua OA, do OJ = AJ nen JI1 OA, ma JI1 BC, v§/ IJ 
Id dudng vuong g6c chung cua OA vd BC. 


IJ 2 = OJ 2 - OI 2 = 


a 


h/2 




aV 

.2 J 


Suy ra d(OA; BC) = 

Ci 
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Vay goc giura mp(OBC) va mp(ABC) bang goc OJA vk OJA = 90°, do do 
mp(OBC) 1 mp(ABC). 

£ Cho kink chop S.ABC co SA = SB = SC = a, ASB = 120°, BSC =60°, 


CSA = 90°. 

a) Chdng to ring ABC la tarn gidc vuong. 

b) Tinh khoang each til S den mat phdng (ABC). 




a) Ta co : CA. CB = ( SA - SC )( SB - SC ) 

= SA. SB-SA. SC-SC. SB+SC 2 
= a 2 cosl20° - a 2 cos90° - a 2 cos60°+ a 2 


= a 2 - 


a" 


a.* 


= 0^> CA 1 CB 



2 2 

=> AABC vuong tai C 

b) Ke SH I mp(ABC), do SA = SB = SC nen HA = HB = HC ma AABC vuong 
tai C nen H la trung diem cua AB. Ta co : 


SH 2 = SA 2 - 


AB 5 


= a' 


3a' 


— , turciaSH = -. 
4 2 


3. Cho hinh chop S.ABCD co day la liinh vuong canh a , SA 1 (ABCD). Hai 
diem M va N Idn luqt thay doi tren hai canh CB va CD, d<Xt CM = x, CN = y. 
Tim he thilc. lien he giila x va y de : 

a) Hai mat phdng (SAM) va (SAN) tao vai nhau goc 45°; 

b) Hai rndt phdng (SAM) va (SMN) vuong goc v&i nhau. 

a) Ta c6 AM, AN cung vuong goc vdri SA mk 

MAN < 90° nen MAN la goc giufa hai mat phang 
(SAM) va (SAN). Hai mat ph&ng do tao vdi 

nhau g6c 45° khi va chi khi MAN = 45°. 

Mat khde M e BC, N g CD, BAD = 90° nen dieu 

do xay ra khi BAM+ DAN = 45°, tif d6 ta co : 

. tan BAM+ tan DAN ,. 

1 ~ --—-(*) 

1 - tan BAM tan DAN 


S 
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(Ap dung cong thufc tan(x + y) = tanX + tany ) 

1 - tanxtany 

Vi tanBAM = ——-, tan DAN = -——, nen (*) <=> 2a 2 + xy = 2a(x + y). 
a a 

B6 la h§ thtfc li£n h$ gitfa xv^y de cdc mat phang (SAM) va (SAN) tao 
vdi nhau gdc 45°. 


b) Ta c 6 (SAM) 1 (ABCD), tif d6 neu (SMN) 1 (SAM) thi giao tuyen MN <cua 
(SMN) va (ABCD) se vuong gdc vdi (SAM), tufc MN 1 AM. 

Ngifoc lai, n4u c 6 MN i. AM thi do SA 1 MN nen MN 1 (SAM), suy ra 
(SMN) 1 (SAM). 

V$y (SAM) 1 (SMN) khi vk chi khi AMN = 90°. 
o a 2 +(a-x) 2 + x 2 +y 2 = a 2 + (a-y) 2 
o ay = x(a • x) vdi 0 < x < a, 0 < y < a 
Tam giac ABC vudng c6 canh huyin BC n&m trong mp(P), canh AB va AC 
Idn luat tao v&i mp(P) cacgoc (3 va y. Goi a la gdc tao b&i mp(P) va mp(ABC). 
Chitng mink rang sin 2 a = sin 2 p 4- sin 2 y. 

Grtii 


Ki AH 1 mp(P) va AI 1 BC thi 
p = ABH, y = ACH, a = AIR 

Vi AABC vuong d A nen: 

1 _ 1 1 
AI 2 ~ 

AH 2 


•f 


AB 2 AC 2 



_ AH 2 AH 2 
^ AI 2 ~ AB 2 AC 2 
hay sin 2 a = sin 2 p 4- sin^ 

Cho tic diin OABC cd OA , OB, OC doi mdt vudng gdc v&i nhau va OA - a, 
OB = b, OC = c. Goi H Id hinh chiiu cua O trin m$t phdng (ABC), Tinh diin 
tick cac tam giac HAB, HBC, HCA. 


9 

Vi OA, OB, OC doi mQt vuong g6c va H la hinh chieu cua O tren mp(ABC) 
nen H la trifc tam tam gidc ABC (BT17, chifcfng III, SGK). Tif d6 HCj X AB 

(Cj la giao diem cua CH va AB), suy ra OC! 1 AB. Nhtf vay OCi H la g6c gitfa 
mp(OAB) va mp(ABC). 

Ta c6 : Shab = Sqab cosOC^H 

ma OCi H = HOC nen S^ab ~ Sqab cos HOC. 
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Ta Jaic 6 : 


cos HOC = 
cos HOC = 


OH 


1 1 

—— +-— + 


ab 


Mat khdc Sqab = - ab. 

2 


Va 2 b 2 + b 2 c 2 + c 2 a 2 


1 


Vay S 


2k 2 


a 2 b 


HAB 


2>/a 2 b 2 +b 2 c 2 + c 2 a 2 
Tucmg ttf nhif tren ta co : Shbc = 



2Va 2 b 2 + b 2 c 2 +c 2 a 2 


c 2 a 2 


>HAC = 


2>/a 2 b 2 + b 2 c 2 + c 2 a 2 
U. C/io AmA Idng tru ditng ABC.A'B'C' co day ABC la tam giac vudng tai dinh 
C, CA = a, CB = 6; mdt b&n ABBA' la hinh vudng. Goi (P) la mdtphdng di 
qua C va vudng goc vai AB'. 

a) Xac dinh thi&t dien cua hinh lang tru da cho khi cdt bai (P). Thi&t dien la 

hinh gi? 

b) Tinh dien tich thtift dien noi tren. 


a) Ke dtfdng cao CH cua tam giac vudng ABC thi 
CH X AB' (dinh li ba dtfdng vuong gdc). Trong 
mp(ABB'A’) ke dirdng thang Ht vuong goc vdi 
AB'. Khi dd (P) chinh la mp(CHt). Chu y r&ng 
do ABB A' la hinh vudng nen AB‘ X A B. Vay 
Ht // A'B, tir do Ht c£t AA’ tai diem K thupc 
doan AA'. Nhuf vdy, thiet di$n cua hinh lang tru 
ABC.A’B'C' khi c&t bdi mp(P) la tam gidc CHK. 

Do CH X AB, mp(ABB'A') X mp(ABC) nen CH X (ABB A ), tir d<5 tam gidc 
CHK vuong tai H. 

b) Schk = \ CH.HK 

oK 

CH.AB = CA.CB => CH = -====, 

Va 2 7 b 2 

a 2 

AH. AB = a 2 => AH = —, 


A' B* 
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HK AH 


A'B AB 


TCr do Schk 


tore la S C hk = 


HK = A'B. 


a 


2 Va 2 + b 2 ,\/2.a 2 


AB 1 


a 2 + b ! 


ab 


a‘ 


'^2 


2 Va 2 +b 2 V^Tb 2 

3 b/2 


a' 


2(a 2 + b 2 ) 


a 2 /2 

■v/a 2 + b 2 


7. Afoi ^ dim dtfgc goi la gan deu neu ede canh do.i bang nhau ti(ng dot mot. 
Vdi td dien ABCD, chdng to cac tlnh chat, sail la tuang duorig. 


a) Td dien ABCD la gan deu. 

b) Cac doan thing noi trung diem cap canh doi dien doi mot vudnggdc it i nhau. 

c) Cac trong tuyen (doan thing noi dinh v&i trong tam m&t doi dien) bdng nihqu. 

d) Tong cac goc tai mdi dinh bdng 180° 


* Chufng minh a) o b) 

Goi M, N, P, Q, E, F lan lirgt la trung diem cua 
AB, CD, BC, AD, AC, BD. 

a) ==> b). Do AC = BD nen MPNQ la hinh thoi, vi 
the MN _L PQ. Tutfng tir ta co MN 1EF, PQ 1EF. 

b) a). MPNQ la hinh binh hanh ma MN i. PQ 
nen MPNQ la hinh thoi, tufc Ik MP = MQ, tir do 
AC = BD. 


A 



Tircfng tir nhir tren ta cung co BC = AD, AB = CD. 
* Chtfng minh a) o c). 

Gpi A', B' lAn loot la trong tam cua cac tam 
gi&c BCD va ACD. 

a) ==> c). Ta c6 ABCD = AADC (c.c.c) nen 
BN = AN, tir do A'N = B N. 

Vay AAA'N = ABB’N (c.g.c), suy ra AA' = BB'. 

Tufcfng td nhu tren ta co dieu phai chdng minh. 



c) a). Do Gi& thiet ta co BB' = AA’, mk AA' cdt BB’ tai G, AG = 3‘GA', 
BG = 3GB’ (xem BT 22, chtrcrng II, SGK), tir do BG = AG va GA 1 = (GU\ 
Cac tam gidc BGA’ va AGB' bkng nhau nen BA' = AB'. Nhdvay BN= AN, 

CD 2 

ma AC 2 + AD 2 = 2AN 2 + ——, 

2 

BC 2 + BD 2 = 2BN 2 +^5l, 

2 
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( 1 ) 


do do AC 2 + AD 2 = BC 2 + BD 2 . 

Ttfong tir nhir tren ta co : 

CA 2 +CB 2 = DA 2 4 - DB 2 . (2) 

Tir ( 1), (2) ta suy ra AD = BC va AC = BD. Tircfng ti i nhir tren ta cung co 
AB = CD. 

* Chufng minh a) o d) 

a) => d). Do sir b&ng nhau cua cac tam 
giac ABC, CDA, BAD vdi tam giac 
DCB nen tong cac goc tai B bang 
180°. 

Doi vdi cac dinh con lai cung diroc li 
luan tiTong tir nhir tren. 

d) => a). Trai cdc mat ABC, ACD, 

ABD len mat phang (BCD). 

Do tong cdc goc tai B cung nhir tai C, tai D deu b&ng 180° nen cac bo ba 
diem Aj,C,A 2 ;A 2 ,D,A 3 ;A 3 ,B,Ajia nhufng bp ba diem th&ng hang. 
Nhir vay, BC, CD, BD la ba dirdng trung binh cua tam gidc A 1 A 2 A 3 . Tir d 6 
BD = A X C = CA 2 = CA. Tircfng td ta cung c 6 AD = BC, CD = AB. 
a Cho til di&n ABCD. Cdt til dien do theo cac canh AB, AC, AD va trai cac mdt 
ABC, ACD, ADB len mat pliang (BCD) (xem hinh ben ditai). Hinh phdng 
gSrn cac tam giac BCD, AjBC, A 2 CD, A 3 BD goi la hinh khai triin cua til 
dien ABCD tren mdt phdng (BCD). 



C C 

a) b) 


in chufng minh d) => a) cua bai 7 thi ta c 6 hinh khai trien cua tur 
di$n ABCD tren mp(BCD) la tam gidc A 1 A 2 A 3 . 

Ta chi can chufng minh tam gidc A\ A 2 A 3 c 6 ba g 6 c nhon. 

That vay, xet tam gidc AAjA^ c 6 AC = k x C - A 2 C nen AAj 1 AA 2 . Li luan 
tircfng tir nhir tren, ta co AA 1? AA 2 , AA 3 doi mQt vuong g 6 c, tOr do ttf di§n 
AAiA 2 A 3 c6 mat A!A 2 A 3 ia tam gidc co ba goc nhon. 
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A, A, 

cAc cAu HOI trAc nghi£m 

f. Clio hinh tU dien ABCD co trong tam G. Menh de nao sau ddy la tai ? 

(A). OG =-(OA+OB+OC+OD); (B). GA+GB+CKJ+GD -0 

4 

(C).AG =-(AB+AC+AD); (D). AG =-(AB+AC+AD) 

3 4 

9 7>a M. 

(A), (B) dung. 

Goi 1& trong tam ABCD ta c6 AG = —AGx = —( AB+ AC+ AD) ten (D) 

4 4 

dung. V&y chon (C) 

Mdnh dk nao sau ddy la dung ? 

(A) . Hai dudng thdng cung vudng goc vdi mot dudng thdng thi song song 
vdi nhau. 

(B) . Hai duang thing cung vuong gdc vdi mdt duang thing thi vuong goc 
vdi nhau. 

(C) . Mdt duang thdng cung vudng goc vdi mdt trong hai duang thing song 
song thi vudng goc vdi dudng thdng kia. 

(D) . Mdt dudng thdng vudng goc vdi mdt trong hai dudng thdng vudng goc 
vdi nhau thi song song vdi dudng thing con lai. 

Chon (C). 

9 . Cho hai dudng thing phan biU a, b vd mdt phdng (P), trong do a 1 (P). 
Mdnh d$ nao sau ddy la sai? 

(A). N$u b 11 (P) thi b la. (B). N&'u b 1 (P) thi b 11 a. 

(C). Nd'u b // a thi b 1 (P). (D). Ndu b la thi b / / (P). 
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Neu b 1 a thi c6 the b c (P). 

Chou (D). 

m§. Tim menh d& dung trong cac menh d$ sau: 

(A) . Hui dudng thdng cung uudng goc vai mdt mdt phdng thi song song. 

(B) . Hai dumg thdng phdn biet cung vudng goc vai mdt duang thdng thi 
song song. 

(C) . Hai mat phdng phan biet cung vuong goc vai mdt duang thdng thi 
song song. 

(D) . Hai mdt phdng phdn biet cung vuong goc vai mdt mdt phdng thi 
song song. 

m 7> a &L 

P) t (Q) 

< P)la (P)//(Q) 

Qua 

Chon (C) 

S. Merh de nao sau day la dung? 

(A) . Hai rndit phdng vuong goc vai nhau thi rnoi dudng thdng ndm trong m<ft 
phdng nay se vuong goc vai mdt phdng kia. 

(B) . Hai mtjtt phdng phdn biet cung vudng goc vai mot mdt phdng thi vudng 
gdc vai nhau. 

(C) . Hai mdt phdng phdn biet cung vudng goc vai mdt mdt phdng thi song 
song vai nhau. 

(D) . Ba rninh dS tr$n deu sai. 

9 lot 
Chen (D) 

(A) . Sai thee hinh ve ben 

{ <P,J -' QI nhtfng a//(P) 

[ac(Q 

(B) , (C) sai theo hinh ve sau 
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O. Trong cac menh sau, menh de nao dung? 

(A) . Cd duy nhdt mdt ditbng thing di qua mot diem cho trudc vd vuong goc 
vdi mdt ditbng thing cho trudc. 

(B) . Co duy nhdt mot mat piling di qua mdt dicing thing cho trdde va 
' vuong goc voi mot mdt phing cho trudc. 

(C) . Co duy nhdt mot mdt phing di qua mot diem cho trudc va vuong gov vdi 
mdt mdt phing cho trudc. 

(D) . Co duy nhdt mot mdt phing di qua mdt di$m cho trudc vd vuong goc vdi 
mdt dudng thing cho trudc. 

m 7>a 


Chon (D). 

7. Tim menh di dung trong cac menh de sau? 

(A) . Nefu hinh hdp co hai mdt la hinh chit nhdt thi no la hinh hdp chU nhdt. 

(B) . Neu hinh hop co ba mdt la hinh chit nhdt thi no la hinh hqp chit nhdt. 

(C) . Ndu hinh hdp co bon mdt la hinh chU nhdt thi no la hinh hdp chit nhdt. 

(D) . Ndu hinh hdp co ndm mdt la hinh chit nhdt thi no la hinh hop chU nhdt. 

a 7><? 

Chon (D) 

O. Trong cac menh de sau, menh di nao dung? 

(A) . N&u hinh hdp co hai mat la hinh vuong thi no la hinh Idp phuang, 

(B) . Neu hinh hop co ba mdt chung mot dinh la hinh vuong thi no la hinh 

Idp phuang. 

(C) . N&u hinh hop cd sau mdt bdng nhau thi no la hinh Idp phuang. 

(D) . Neu hinh hdp co bon dudng cheo bdng nhau thi no la hinh Idp phuang. 

# 7W 

Chon (B). 

9. Cho hinh chop S.ABC cd day la tarn giac diu. Tim menh de dung trong cac 
menh di sau: 

(A) . S.ABC la hinh chdp d&u nefu cac mdt ben cua no la tam giac cdn. 

(B) . S.ABC la hinh chop deu neu cac m$t ben cua no la tam giac cdn vdi 
dinh S. 

(C) . S.ABC la hinh chop diu n&u gdc giUa cac mdt phdng chita cac mdt ben 
vd mdt phdng chiXa day bdng nhau. 

(D) . S.ABC la hinh chdp deu niu cac mdt ben cd dien itch b&ng nhau. 
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9 7>g 

Chon (B). 

Ilf. Tun menh de dung trong cdc menh de sail : 

(A) . Dud rig vuong goc chung cua hai dudng thing chco nhau thi ndm trong 
mat phang chila dudng thing nay va vuong goc vdi dudng thing kia; 

(B) . Dudng vuong goc chung cua hai dudng thing chco nhau thi vuong goc 
vdi mat phing chUa dudng thing nay va song song vdi dudng thing kia; 

(C) . Mot dudng thing Id dudng vuong goc chung cua hai dudng thing chco 
nhau neu no vuong goc vdi ca hai dudng thing do; 

(D) . Cdc menh tren deu sai. 

9 7 w e* 

Chon (B) 



If. liinh tii ditn ABCD co AB , AC, AD doi mot vuong goc va AB = AC - AD - 3. 
Dien tich tam giac BCD bing 


(A). 


943 


(B). 


942 


(CL 27 


(D). 


27 


2 3 

> //v? 

Chon (A) 

Ta c6 BC = CD = BD = 3^2 
Tam giac BCD deu canh bang a = 342 nen 

a 2 43 1843 943 

S »CD=— - — =-2- 

,B ITinh hop ABCD A BCD' co AB = AA' = AD = a va AAB = AAD = BAD = 60°. 
Khi do, khodng each gifla cdc dudng thing chiia cdc canh doi dien cua tit 
difri A'ABD bdng : 

_ rt, 

<C). a42 ; 



(A). 


a42 


(B). 


a43 


(D). 


3a 


2 


2 2 

Chon (A). 

Ttf dien A’ABD 1& tuf dien deu canh a. 

M, N lan liftft la trung diem AA', BD 

MN la doan vuong goc chung cua AA v& BD. Ta co : 



MN 2 - A' N 2 - A’M 2 


( &43 ^ 


t a'j 

{ 2 , 


v2, 


3a 2 


a" 


a" 


=> MN = 


a 


V2 
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BAI ON TAP CUOI NAM 


#. Cho tam gidc ABC va cdc diim M, N, P Ian liiqt la trung diem cua cdc oanh 
BC, CA, AB. 

a) Xet bon tam gidc APN, PBM, NMC, MNP. Tim phep dtii funk biin tam 
giac APN Idn lupt thank mdt trong ba tam gidc con lai. 

b) Phep vi tU nao biin tam gidc ABC thank tam gidc MNP ? 

c) Xet tam gidc co ba dinh la trite tdm cua ba tam gidc APN’, PBM va NCM. 

Chdng to ring tam gidc do bting tam gidc APN. Chdng minh diiu dd 
cung dung n&u thay true tdm bdng trong tdm, ho$c tdm dating trdn 
ngoai ti£p, hodc tdm dating trdn ndi tii'p. 


a) Phdp tinh tien T—► bidn 
tam gidc APN thdnh tam 
gidc PBM. 

Phdp tinh tien T—► bien 
tam gidc APN thanh tam 
giac NMC. 

Phep doi xufng tam Bj, vdi J 
la trung di£m cua PN, bien 
tam gidc APN thdnh tam 
gidc MNP. 


A 



b) Goi G Id trong tam cua tam gidc ABC thi GM = -- GA.GN = -- GB, 

2 2 

GP = GC. V$y phdp vi tir tdm G, ti so k = -- bien tam gidc ABC 
2 2 


thdnh tam gidc MNP. 

c) Goi H x , H 2 , H 3 lan luot Id true tam cua cac tam giac APN, PBM, NMC. 
Phdp tinh tidn T—► bidn tam gidc APN thdnh tam giac PBM ndn bien 

H l thdnh H 2 , tufc Id H X H 2 = AP hay AHj = PH 2 . Tucfng tu ta co 
HjHs =ANhayAH 1 =NH 3 -VdyAH 1 = PH 2 = NH 3 . Tif d6 suy ra phdp 
tinh tien theo vecto AHi bien tam gidc APN thdnh tam gidc HjH-jHg. 


Doi vdi cdc tri/dng hop khdc (trong tam, tdm du&ng trdn ngoai tidp, tdm 
dudng trdn n$i tidp), chtfng minh hodn todn tuong tu. 

&. Cho td gidc ABCD n$i tii'p dating trdn (O). Goi M, N, P, Q Idn lupt la trung 
diSm cua cdc canh AB, BC, CD va DA. Ke MM’, NN\ PP\ QQ' Idn lupt 
vudng goc vtii CD, DA, AB, BC. 
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a) Goi I la giao diem cua MP va NQ. Phep doi xiing tam D l bien cac dubng 
th&ng MM', NN\ PP', QQ' thank nhilng dieting thing nao ? 

b) Chdng to rtirig bon dieting tilting MM', NN', PP', QQ' dong quy tqi mot 
diem. Nhdn xet gi ve vi tri diem ddng quy va hai diem 1,0? 


*» ? * 


a) MNPQ la hinh binh h&nh nen I la trung diem cua MP va NQ. 


Phep doi xufng tam D x bien diem M thanh diem P, 
bien dtfcmg th&ng MM' th&nh dtfdng th&ng di qua 
P va song song vdi MM', ttfc la vuong goc vtfi DC. 
Vay dtfdng th&ng MM' dtftfc bien thanh dtfcmg 
th&ng PO. Hoan toan ttfcfng ttf: dtfcmg th&ng NN' 
bien th&nh dtfcmg QO, dtfcmg th&ng PP’ bien 
thanh dtfcmg MO, dtfcmg th&ng QQ' bien thanh 
dtfcmg NO. 



b) Vi bon dtfdng th&ng MO, NO, PO, QO dong quy tai O nen bon dtfcmg 
th&ng MM’, NN', PP', QQ’ dong quy tai O' doi xufng vdi O qua diem I. 

3. Cho tam giac ABC va hai hinh vuong ABMN, 

ACPQ nine hinh ve. 

a) Xac dinli phep quay bien tam giac ABQ thanh 
tam giac ANC. 

b) Chitng to ring hai doan th&ng BQ, CN bting 
nhau va vuong goc vtii nhau. 

c) Goi O, O' la tam cua cac hinh vuong, I la trung diem ciia BC. 

Cluing mink ring tam giac OIO' la tam giac vuong can. 


Q 



0 »>» 

+JC*g£ _ 

a) Ta co AB = AN, AQ = AC va g6c 
(AB, AN) = (AQ, AC) = -90°. 

Vay phep quay tam A, goc quay ip = -90° 
bien tam gi&c ABQ th&nh tam giac 
ANC. 

b) Vi doan th&ng BQ bien thanh doan 
th&ng NC nen BQ = NC vd BQ 1 NC. 



c) Theo ki hieu hinh ben thi 


OI // NC, 01 = ^NC; 

2 

O I // QB, O I = iQB. 


V&y tuf can b) ta suy ra tam gi&c IOO' vuong can tai dinh I. 
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^ Clio til dien ABCD. Goi M, N Idn lugt la trung di&m ciia BC vd ED; P la mdt 
diem thay doi tren doan tliang AD. 

a) Xdc dinh giao diem Q cila mp(MNP) vd earth AC. Tilgidc MNPQ la liinlh gi ? 

b) Tim quy tick giao di$m I cua QM vd PN. 

c) Tim quy tick giao diem J cua QN vd PM. 



a) Ke dirtmg thing qua P song song vdi CD cit AC tai Q thi Q Id giao cSiem 
cua AC vd mp(MNP). De thd'y tur giac MNPQ Id hinh thang (PQ //MN'). 
Chu y: Neu P = A thi Q = A = P; neu P = D thi Q = C. 

b) Thudn. Gia sit I Ik giao didm cua QM va 
PN. Theo dinh ly ve giao tuyen cua ba 
mdt phing (ABC), (ABD), (MNPQ) thi 
diem I thuoe dirdng thing AB. 

Vi P thay doi tren doan thing AD nen 
de thay I chi nim tren phan cua dtfdng 
thing AB trCr di ede dielm trong doan 
thing AB. 

Dao. Lay mot diem I bat ki thuoe 
difdng thing AB nhtfng khong nim 
gitfa A vd B. Goi P, Q lan lifcft Id cac 
giao diem cua IN vdi AD, cua IM vdi AC. Khi do ro rdng mp(MNP) cit 
AC tai Q va giao diem cua QM vd PN Id I. 

Ket ludn. Quy tich giao diem I cua QM vd PN la dtfdng thing AB tr is di 
ede diem trong doan thing AB. 

c) Ttfcfng tif nhtf cau b), ta co quy tich giao diem J cua QN vd PM la doan 
thing AO (O la giao diem cua DM vd CN) 



B. 


Clio hinh hop ABCD.A'B'C'D'. Diem M ndm giUa A vd D, diem N ndm giila 


C vd C' sao cho 


AM 

MD 


CN 

NC 


a) Cluing minh rdng dildng thang MN song song v&i mp(ACB'). 

b) Xdc dinh tliiet dien cua hinh hdp khi cdt bai mdt phang di que MN va 


song song v&i mp(ACB'). 



AM CN _ AM MD AD 
MD " NC' ^ CN NC’ “ CC 

Theo dinh li Ta-ldt dao thi MN song song 
mp(P), <5 d6 (P) song song vtfi AC vd DC'. 


Mdt khac DC’ // AB’. Vay MN // (ACB ). 
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b Ke MK // AC (K e CD); ke NI // CB' (I e C B ); ke IJ // A C' (J € A’B’); ke 
JE // AB’ (E g AA’). Thiet dien la luc giac MKNIJE. 

f» Cho ba tia Ox, Oy, Oz khong dong phdng. Cluing mink ring cac tia plidn 
gidc ngodi cua cac goc xOy, yOz va zOx dong phdng. 

G;a sir A,, A 2 , A 3 lan loot la ba dirdng phan 
giac ngoai ciia cac goc xOy, yOz, zOx. Neu 
tren cac«tia Ox, Oy, Oz lan lifcrt lay cac diem 
A B, C sao cho OA = OB = OC thi de thay 
A // AB, A 2 // BC, A 3 // CA. 

Vay A,, A 2 , A 3 dong ph^ng. 

7. Cho hinh chop S.ABC. Got K va N Idti luot Id trung diem cua SA va BC; M 
Id diem ndm gida S va C. 

aj Chung mink rdng mat phdng di qua K, song song vai AB va SC thi di qua 
diem N. 

bj Xac dinh thiet dien cua hinh chop S.ABC khi cdt bai mp(KMN). Cluing 
to rdng KN chia thiet dien tlidnh hai plidn co dien tick bdng nhau. 

a; Gpi I va J lan lifcrt la trung di§m cua SB va AC thi de thay cac diem K, I, 
N, J cung thuoc mat phAng song song vdi AB va SC. Vay cau a) dirge 
chimg minh. 

b; Neu M la trung di4m cua SC thi thiet dien cua hinh chop S.ABC khi cdt 
bdi mp(MKN) la hinh binh hanh, trong do P lh trung diem cua AB. Khi do 
KN chia hinh binh hanh MKPN th&nh hai phan co dien tich bdng nhau. 
Neu M khong Id trung diem cua 
SC. Gpi Q la giao diem cua KM 
va AC, P la giao diem cua QN 
va AB. Khi do thiet dien cua 
hinh chop S.ABC cdt bdfi 
inp(MKN) 1 h tuf giac MKPN. 

Ta co : SC // (a) va AB // (a), dong thefi K la trung diem SA nen : 
d(M, (a)) = d(P, (a)) => OP = OM (vdi O la giao diem cua PM va NK). 
Do d6 hai dirdng cao ciia hai tarn giac MKN va PKN ke tir M va P bdng 
nhau, tir do suy ra Spkn = Smkn • 

a. Cho liinh chop tiigidc deu S.ABCD co canli day bdng a va canh ben bdng ctfi. 

a) Tinh khodng each til S den mp(ABCD). 

b) Tinh khodng each giUa duang thing AB va mp(SCD). 
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c) Tirth kho&ng each gida diiang thing AB va SC. 

d) Goi (P) la m$t piling di qua A va vuonggoc vdi SC. Hay j me dinh thig't 
dien cua hinh chdp khi cit bdi (P). Tinh di&n tick thii't di§n. 

e) Tinh gdc giUa ditdng thing AB va mp(P). 




Goi H la giao diem cua AC va BD. Do S.ABCD la hinh ch6p deu nen SH 
vuong gdc vdi mat ddy (ABCD). 

a) Khoang each tir S den mp(ABCD) la SH. 


SAC la tam giac deu canh aV2 nen SH = a>/2. 


V3 aV6 


b) Goi E, F l£n lirot Ik trung diem cua AB va CD. 
Ta c6 d(AB; (SCD)) = d(E; (SCD)) = EK 
(EK la dirdng cao cua tam gidc SEF). 

a y[6_ 

a yfft aV42 


EK = 


EF.SH 

SF 


a. 


|0 a 2 + a 2 

4 4 


V? 



c) Vi AB va SC chdo nhau, AB // mp(SCD) nen 

nJ 49 

d(AB; SC) = d(AB; (SCD)) = . 


d) Goi C x la trung diim cua SC, do SAC la tam giac deu nen ACj 1 SC. Mat 
khde BD 1 SC, nen (P) chinh la mat ph&ng chufa ACj va song song vdi BD. 
Ki hi$u Hj la giao di£m cua AC* vh SH. Khi do (P) n (SBD) = B\D X , trong 
d6 B X D X di qua H x \k song song vdi BD. Vay thiet di$n cua S.ABCD c&t 


bdi (P) la td gidc ABjCiDj. 

Ta cd BD 1 (SAC), B l D l // BD nen 

B X D X 1 (SAC), suy ra B^ 1 ACj. 

Tir dd S ABi c 1 d 1 =~AC 1 .B 1 Di. 


ACj = ^,B 1 D 1 


BD 


(vi H x la trong tam tam gidc SAC). 
Vi vay Sab.c.d, 


'■J3 


S 



e) Trong mp(SAC), ke HI song song vdi CCj dit AC X tai I thi HI _L (P) vi SC ± ^P). 

Ta lay di£m J sao cho BHIJ la hinh binh hanh thi BJ 1 (P), tir dd BAJ la 
gdc giufa BA va mp(P) (hinh tren). 
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sinBAJ = 


BJ 

BA 


HI 

BA 


CC, 

» 

~baT 


sc 


BA 


y[2 


V2 


Vay g6c giufa BA va mp(P) 1& a mk sina = —,0° < a < 90°. 

4 


9 . Clio tarn giac ABC vuong tai A, AB = a, BC = 2a. Hai tia Bx va Cy ciing 
vuong goc vai mp(ABC) va ndm v& mot phia doi v&i mat piling do. Tren Bx, 
Cy idn luqt Idy cac diim B‘, C sao cho BB' = a. CC' = m. 
cl) Vai gia tri nao cua m thi AB C ' la tarn giac vuong? 
b) Khi tam giac AB C' vuong tai B ', ke All L BC. ChiZngminh ring B'C'H la 
tam giac vuong. Tinh goc giita hai mat piling (ABC) va (ABC). 



Ta c6 : AC 2 = 3a 2 , AB' 2 = 2a 2 ,AC’ 2 = 3a 2 + m 2 ,B'C’ 2 = 4a 2 +(m-a) 2 . 
a) • Tam gi&c AB C’ vuong d A khi va chi khi : 

5a 2 + m 2 - 2ma = 2a 2 + 3a 2 + m 2 . 

Vay tam giac AB C' vuong a A khi va chi khi m = 0. 

• Tam gidc AB C' vuong d C’ khi va chi khi : 

2a 2 = 3a 2 + m 2 + 4a 2 + (m - a) 2 . Dieu nky khong xay ra. 


• Tam gi£c AB C' vuong d B’ khi va chi khi : 

2a 2 + 4a 2 + (m - a) 2 - 3a 2 + m 2 o m = 2a. 

Vay tam giac AB C’ vuong a B khi va chi khi m = 2a 

b) Gia stir tam giac AB C’ vuong d B', tufc la m = 2a. 



K 

• Tinh g6c gitfa mp(ABC) va mp(AB'C’) khi m = 2a. 

Goi I Ik giao didm cua B C' vk BC. Do BB' // CC’, BB' = a, CC' = 2a nen 


BC = BI, B C' = BI. 

Xet phep chi£u len mp( ABC). Ta co tam giac AIC la hinh chieu cua tam 
gi£c AIC'. Goi (p \k goc giufa mp(ABC) vk mp(AB’C’) thi : Saic = Saic coscp. 

Ta c6 : Saic = 2Sabc = a 2 V3. 


H1NHHOC1 INC-125 



Mat kMc : Smc = - IC. AB' = - .2av^5. aV2 = a 2 VlO. 

2 2 

T .,,, a 2 V3 V30 

Ti i do : coscp = 


a*VlO 


10 


Vay goc giufa mp(ABC) va mp(AB'C') la cp dufoc tinh bdi 

V30 


cos<p 


10 


0° < (p < 90°. 


BAI TAP On cudi nAm bo sung 

I. Trong mat phing (a) cho dudng trdn (O), AB la mot dudng kink co dinh cua 
(O), M la mot diem di dong trdn (O). Goi S la mdt diem co dinh sao cho SA 
uuonggoc vai (a). Goi H vaKldn luat la hinh chieii cua A tren SB va SM. 

a) Gia srf M khac vai A va B. Chdng minh AK vuong goc vai (SMB), SB 
vuong goc vai (AKH). 

b) Goi (\$) la mdt phang qua A va vuong goc vai SB. Xac dinh giao tuy&'n d 
cua (a) va ("PA 

c) Tim tdp hap cac diem K khi M chay khap dudng trdn (O). 

d) Gia si2 M chay tren (O) va khong trung B. Goi I la giao diem cua BM va 
HK. Tim tdp hap cac diem I. 

iB. Cho tit dien deu SABC canh a. Goi I la trung diem cua BC, M la diem tren 

doan IS sao cho = - 
IS 5 

a) Tinh cosAIS va dd ddi doan AM. 

b) Goi (a) la mdt piling qua AM va song song vai BC. Tinh di£n tick cua 
thiet dien cua tit di&n SABC vdi (a). 

c) Tinh khodng each tit I den (a). 

d) Tinh gdc giQa dudng thing AB va (a). 

3. Cho tarn giac deu SAD va hinh vuong ABCD canh a ndm trong hcii mat 
phing vuong gdc. Goi I la trung diim AD, M la trung diem cua AB, F la 
trung diim cua SB va K la giao diem cua CM va BI. 

a) Chitng minh rang mat phing (CMF) vuong goc vai mdt phing (SIB) 

b) Tinh BK va KF va suy ra rang tarn giac BKF can. 

c) Dung va tinh do ddi doan vuong gdc chung cua hai dudng thing AB va SD. 

d) Tinh khodng each gitia hai dudng thing CM va SA. 
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